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ELLIPTIC STRUCTURES ON WEIGHTED
THREE-DIMENSIONAL FANO HYPERSURFACES
IVAN CHELTSOV
Abstract. We classify birational maps into elliptic fibrations of a general quasismooth hyper-
surface in P(1, a1, a2, a3, a4) of degree
∑
4
i=1
ai that has terminal singularities.
1. Introduction.
Let X be a quasismooth hypersurface in P(1, a1, a2, a3, a4) of degree d =
∑4
i=1 ai that has
terminal singularities, where a1 6 a2 6 a3 6 a4. Then the hypersurface X is a Fano threefold,
and there are exactly 95 possibilities for the four-tuple (a1, a2, a3, a4). We use the notation n for
the entry numbers of these families, which are ordered in the same way as in [7].
Suppose that the hypersurface X is general. The following result is proved in [6].
Theorem 1.1. The hypersurface X is birationally rigid1.
For every n there are involutions τ1, . . . , τkn ∈ Bir(X) that generates the group Bir(X) up
to biregular automorphisms (see [6]). In the case when n 6∈ {7, 20, 60} and kn > 0, the hyper-
surface X can be birationally transformed into an elliptic fibration that is invariant under the
induced action of the group Bir(X), which is used in [4] to find relations between τ1, . . . , τkn .
It is natural to try to classify all birational transformations of the hypersurface X into elliptic
fibrations, which is equivalent to the following problem: find all rational maps X 99K P2 whose
general fiber is birational to an elliptic curve. Let us consider few examples.
Example 1.2. Let n = 1. Then X is a quartic threefold. Let ξ : X 99K P2 be a projection from
a line that is contained in X. Then a general fiber of the map ξ is an elliptic curve.
Example 1.3. Let n = 2. Then X is a hypersurface in P(1, 1, 1, 1, 2) of degree 5, which has one
singular point of type 12 (1, 1, 1). There is a commutative diagram
Y
pi

γ
// Z
η

X
ψ
//______ P3
,
where ψ is the natural projection, π is a weighted blow up of the singular point of the hypersur-
face X with weights (1, 1, 1), γ is a birational morphism that contracts 15 irreducible smooth
rational curves C1, . . . , C15, and η is a double cover. Put ξ = χ ◦ ψ, where χ : P
3 99K P2 is a
projection from the point η ◦ γ(Ci). Then a general fiber of the map ξ is an elliptic curve.
Example 1.4. Let n = 17. Then X is a hypersurface in P(1, 1, 3, 4, 4) of degree 12, whose
singularities consist of three singular points of type 14(1, 1, 3). There is a commutative diagram
U
α

W
β
oo
ω

X
ξ
//______ P(1, 1, 4),
1Let V be a Fano variety of Picard rank 1 having terminal Q-factorial singularities. Then V is said to be bira-
tionally rigid if it is not birational to any other Mori fiber space (see [3]). The variety V is said to be birationally
superrigid if it is birationally rigid and Bir(V ) = Aut(V ).
where ξ is a projection, α is a weighted blow up of a singular point of type 14(1, 1, 3) with
weights (1, 1, 3), β is a weighted blow up with weights (1, 1, 2) of the singular point that is
contained in the exceptional divisor of the morphism α, and ω is an elliptic fibration.
Example 1.5. Let n = 26. Then X is a hypersurface in P(1, 1, 3, 5, 6) of degree 15 that has
two singular points of type 13(1, 1, 2). There is a commutative diagram
U
σ
 


 ω
$$I
II
II
II
II
X
ξ
//_______ P(1, 1, 6),
where ξ is a projection, σ is a weighted blow up of a singular point of type 13(1, 1, 2) with
weights (1, 1, 2), and ω is a morphism given by the linear system |−6KX |. Then the normalization
of a general fiber of the rational map ξ is an elliptic curve.
Example 1.6. Let n = 31. Then X is a hypersurface in P(1, 1, 4, 5, 6) of degree 16 that has a
singular point of type 15 (1, 1, 4), and there is a commutative diagram
U
α

W
β
oo
ω

X
ξ
//______ P(1, 1, 6),
where ξ is a projection, α is a weighted blow up of the singular point of type 15 (1, 1, 4) with
weights (1, 1, 4), β is a weighted blow up with weights (1, 1, 3) of the singular point that is
contained in the exceptional divisor of α, and ω is an elliptic fibration.
Example 1.7. Let n ∈ {7, 11, 19}. Then a2 = a3, and the hypersurface X has d/a2 singular
points of type 1
a2
(1, 1, a2 − 1). Let ξ : X 99K P(1, a1, a2) be a rational map induced by a linear
subsystem in the linear system |−a2KX | consisting of surfaces that pass through a given singular
points of type 1
a2
(1, 1, a2 − 1). Then the normalization of a general fiber of ξ is an elliptic curve.
Example 1.8. Let n ∈ {7, 9, 20, 30, 36, 44, 49, 51, 64}. Then X can be given by
tzk +
k−1∑
i=0
gi(x, y, t, w)z
i = 0 or w2t+ wg(x, y, z, t) + f(x, y, z, t) = 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = a1, wt(z) = a2, wt(t) = a3, wt(w) = a4, and gi is a quasihomogeneous
polynomial. Let ξ : X 99K P(1, a1, a3) be a rational map given by a linear system consisting of
surfaces that are cut out by f(x, y, t) = 0, where f(x, y, t) is a quasihomogeneous polynomial of
degree a3. Then the normalization of a general fiber of the map ξ is an elliptic curve.
Example 1.9. Let n 6∈ {1, 2, 3, 7, 11, 19, 60, 75, 84, 87, 93}, and ξ : X 99K P(1, a1, a2) be the
natural projection. Then the normalization of a general fiber of the map ξ is an elliptic curve.
The purpose of this paper is to prove the following result2.
Theorem 1.10. Let ρ : X 99K P2 be a rational map whose general fiber is birational to an elliptic
curve. Then there is a commutative diagram
X
ξ




σ //________ X
ρ




P(1, a1, ai)
φ
//______ P2,
where φ is a birational map, σ ∈ Bir(X), and ξ is one of the dominant rational maps constructed
in Examples 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8 and 1.9.
2In the case when n ∈ {1, 3, 14, 22, 28, 34, 37, 39, 52, 53, 57, 59, 60, 66, 70, 72, 73, 75, 78, 81, 84, 86, 87, 88, 89, 90, 92,
93, 94, 95}, the claim of Theorem 1.10 is proved in [1], [2], [4].
2
Corollary 1.11. Let ρ : X 99K P2 be a rational map whose general fiber is birational to an
elliptic curve. Suppose that n 6∈ {1, 2, 7, 9, 11, 17, 19, 20, 26, 30, 31, 36, 44, 49, 51, 64}. Then there
is a birational map ψ : P(1, a1, a2) 99K P
2 such that the diagram
X
ψ
yyt
t
t
t
t
ρ
  @
@
@
@
P(1, a1, a2)
φ
//_______ P2
commutes, where ψ is the natural projection.
Corollary 1.12. The hypersurface X can be birationally transformed into an elliptic fibration
if and only if n 6∈ {3, 60, 75, 84, 87, 93}.
To illustrate our technique let us prove the following result.
Proposition 1.13. The claim of Theorem 1.10 holds for n = 14.
Proof. Let n = 14. Then X is a hypersurface in P(1, 1, 1, 4, 6) of degree 12, the singularities of
the hypersurface X consist of a singular point of type 12(1, 1, 1). Let ψ : X 99K P
2 be the natural
projection, and π : U → X be a weighted blow up with weights (1, 1, 1) of the singular point of
the hypersurface X. Then ψ ◦ π is an elliptic fibration.
Let ρ : X 99K P2 be a rational map such that the normalization of a general fiber of the
rational map ρ is an irreducible elliptic curve. Let us consider commutative diagram
V
α
 


 β
  A
AA
AA
AA
X ρ
//_______ P2,
where V is smooth, α is a birational morphism, and β is a morphism. Let M be the proper
transform of |β∗(OP2(1))| on X. There is a natural number k > 0 such thatM∼ −kKX . Then
KV +
1
k
∣∣∣β∗
(
OP2(1)
)∣∣∣ ∼Q α∗
(
KX +
1
k
M
)
+
δ∑
i=1
aiEi ∼Q
δ∑
i=1
aiEi,
where Ei is an α-exceptional divisor, ai is a rational number, and δ is the number of exceptional
divisors of the birational morphism α. It follows from [6] that ai > 0 for every i, but that there
is an index j such that aj 6 0 by Lemma 2.1. Put Zj = α(Ej).
Suppose that Zj is a smooth point of X. Then multZj(S1 · S2) > 4k
2 by Lemma 1.10 in [5],
but the linear system | − 4KX | induces a double cover X → P(1, 1, 1, 4). Thus, we have
2k2 = H · S1 · S2 > multZj
(
S1 · S2
)
> 4k2,
where S1 and S2 are general surfaces of the linear system M, and H is a sufficiently general
divisor in the linear system |− 4KX | that passes through the point Zj, which is a contradiction.
It follows from Corollary 2.9 that Zj is not a curve, which implies that Zj is the unique
singular point of the hypersurface X. Let D be the proper transform of the linear systemM on
the variety U . Then D ∼Q −kKU by Theorem 2.2, which implies that D lies in the fibers of the
elliptic fibration ψ ◦ π, which concludes the proof. 
Let us describe the structure of the paper. We consider auxiliary results in Section 2, the first
steps of the proof of Theorem 1.10 is done in Section 3, where we also prove Theorem 1.10 in the
case when n ∈ {1, 3, 5, 11, 14, 22, 28, 34, 37, 39, 52, 53, 57, 59, 60, 66, 70, 72, 73, 75, 78, 81, 84, 86, 87,
88, 89, 90, 92, 93, 94, 95}. Then we prove Theorem 1.10 in all other cases.
The author is very grateful to Max-Plank-Institute fu¨r Mathematik at Bonn for the hospitality
and excellent work conditions. The author would like to thank A.Corti, M.Grinenko, V. Iskov-
skikh, Yu.Manin, J. Park, Yu. Prokhorov, A.Pukhlikov, V. Shokurov and D. Stepanov for useful
conversations.
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2. Preliminaries.
Let X be a threefold having terminal Q-factorial singularities, M be a linear system on
the threefold such thatM does not have fixed components, and λ be an arbitrary non-negative
rational number. In this section we consider technical results describing properties of the mobile3
log pair (X,λM), which are used in the proof of Theorem 1.10. As usual, the set of centers of
canonical singularities of the mobile log pair (X,λM) is denoted as CS(X,λM).
Lemma 2.1. Let ρ : X 99K P2 be a rational map whose general fiber is birational to an elliptic
curve, and π : V → X be a resolution of the indeterminacies of ρ. Suppose that theM is a proper
transform of the linear system |ρ ◦ π∗(OP2(1))|, the divisor −KX is nef and big, and the equiva-
lence KX + λM∼Q 0 holds. Then the singularities of the log pair (X,λM) are not terminal.
Proof. See the proof of Theorem 1.4.4 in [3]. 
The following well-known result is proved in [8].
Theorem 2.2. Let O be a singular point of the threefold X of type 1
r
(1, a, r− a), where a and r
are coprime natural numbers such that r > a, and multO(M) be a rational number such that
D ∼Q π
∗(M)−multO(M)G,
where π : U → X is a weighted blow up of O with weights (1, a, r − a), G is the exceptional
divisor of π, D is a proper transform of M on the variety U . Suppose that CS(X,λM) contains
either the point O, or a curve passing through the point O. Then multO(M) > 1/(rλ).
In the proof of Theorem 2.2 implies the following result.
Lemma 2.3. Under the assumptions and notations of Theorem 2.2, suppose that the singular-
ities of (X,λM) are canonical and CS(X,λM) = {O}, but CS(U, λD) 6= ∅. Then
• the set CS(U, λD) does not contain smooth points of the surface G ∼= P(1, a, r − a),
• if the set CS(U, λD) contains a curve L, then L ∈ |OP(1, a, r−a)(1)|, and every singular
point of the surface G is contained in the set CS(U, λD).
Proof. We consider only the case when r = 5 and a = 2. Thus, we have G ∼= P(1, 2, 3).
Let P and Q be singular points of G, and L be the curve in |OP(1, 2, 3)(1)|. Then L passes
through the points P andQ, but multO(M) = 1/(5λ) by Theorem 2.2, which implies D|G ∼Q λL.
Suppose that the set CS(U, λD) contains a subvariety Z of subvariety U that is different from
the curve L and the points P and Q. Then Z ⊂ G.
Suppose that Z is a point. Then the point Z is smooth on the variety U , which implies the
inequality multZ(D) > 1/λ. Let C be a general curve in the linear system |OP(1, 2, 3)(6)| that
passes through the point Z. Then the curve C is not contained in the base locus of the linear
system D. Hence, we have 1/λ = C · D > multZ(C)multZ(D) > 1/λ, which is a contradiction.
Therefore, the subvariety Z is a curve. Then multZ(D) > 1/λ. Let C be a sufficiently general
curve in the linear system |OP(1, 2, 3)(6)|. Then
1
λ
= C · D > multZ(D)C · Z >
C · Z
λ
,
which implies that C · Z = 1. Hence, the curve Z is contained in |OP(1, 2, 3)(1)|. 
Lemma 2.4. Let C be a curve on X such that C ∈ CS(X,λM). Suppose that the complete linear
system | −mKX | is base-point-free for some natural number m > 0. Then −KX · C 6 −K
3
X .
Proof. Let M1 and M2 be general surfaces in M. Then the inequalities
multC
(
M1 ·M2
)
> multC
(
M1
)
multC
(
M2
)
>
1
λ2
hold. Let H be a general surface in | −mKX |. Then
−mK3X
λ2
= H ·M1 ·M2 >
(
−mKX · C
)
multC
(
M1 ·M2
)
>
−mKX · C
λ2
,
which implies that −KX · C 6 −K
3
X . 
3Elementary properties of mobile log pairs can be found in [3].
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Lemma 2.5. Suppose that the linear systemM is not composed from a pencil. Then there is no
proper Zariski closed subset Σ ( X such that
Supp(S1) ∩ Supp(S2) ⊂ Σ ( X,
where S1 and S2 are general divisors in the linear system M.
Proof. Suppose that there is a proper Zariski closed subset Σ ⊂ X such that the set-theoretic
intersection of the sufficiently general divisors S1 and S2 of the linear system M is contained in
the set Σ. Let ρ : X 99K Pn be a rational map induced by the linear system M, where n is the
dimension of the linear system M. Then there is a commutative diagram
W
α
~~}}
}}
}}
}} β
!!C
CC
CC
CC
C
X ρ
//_______ Pn,
where W is a smooth variety, α is a birational morphism, and β is a morphism. Let Y be the
image of the morphism β. Then dim(Y ) > 2, because M is not composed from a pencil.
Let Λ be a Zariski closed subset of the variety W such that the morphism
α|W\Λ :W \ Λ −→ X \ α(Λ)
is an isomorphism, and ∆ be a union of the subset Λ ⊂ W and the closure of the proper
transform of the set Σ \α(Λ) on the variety W . Then ∆ is a Zariski closed proper subset of W .
Let B1 and B2 be general hyperplane sections of the variety Y , and D1 and D2 be proper
transforms of the divisors B1 and B2 on the variety W respectively. Then α(D1) and α(D2) are
general divisors of the linear system M. Hence, in the set-theoretic sense we have
(2.6) ∅ 6= β−1
(
Supp(B1) ∩ Supp(B2)
)
= Supp(D1) ∩ Supp(D2) ⊂ ∆ (W,
because dim(Y ) > 2. However, the set-theoretic identity 2.6 is an absurd. 
The following result is implied by Lemma 0.3.3 in [9] and Lemma 2.5.
Corollary 2.7. Let X be a three-dimensional variety with canonical singularities, D be divisor
on the variety X that is big and nef, M be a linear system on the variety X that does not
have fixed components and is not composed from a pencil, and S1 and S2 be sufficiently general
surfaces of the linear system D. Then the inequality D · S1 · S2 > 0 holds.
The proof of Lemma 2.5 implies the following result.
Lemma 2.8. Let X be a variety, M be a linear system on the variety X that does not have
fixed components and is not composed from a pencil, and D be a linear system on X that does
not have fixed components. Then there is no Zariski closed subset Σ ( X such that
Supp(S) ∩ Supp(D) ⊂ Σ ( X,
where S and D are sufficiently general divisors of the linear system M and D respectively.
The claim of Lemma 2.5 and the proof of Lemma 2.4 imply the following result.
Corollary 2.9. Under the assumptions and notations of Lemma 2.4, suppose that the linear
system M is not composed from a pencil, and the divisor −KX is big. Then −KX ·C < −K
3
X .
Many applications of Lemma 2.8 use the following simple result.
Lemma 2.10. Let S be a surface, D be an effective divisor on S such that D ≡
∑r
i=1 aiCi,
where ai ∈ Q, and C1, . . . , Cr are irreducible curves on S whose intersection form is negatively
defined. Then D =
∑r
i=1 aiCi.
Proof. Let D =
∑k
i=1 ciBi, where Bi is an irreducible curve on S, and ci is a nonnegative rational
number. Suppose that
k∑
i=1
ciBi 6=
r∑
i=1
aiCi,
5
and the curve Bi is not one of the curves among C1, . . . , Cr for every i. We have
0 >
(∑
ai>0
aiCi
)
·
(∑
ai>0
aiCi
)
=
( k∑
i=1
ciBi
)
·
(∑
ai>0
aiCi
)
−
(∑
ai60
aiCi
)
·
(∑
ai>0
aiCi
)
> 0,
which gives
∑
ci>0
ciBi ≡
∑
ai60
aiCi. Hence, we have ci = 0 and ai = 0 for every i. 
3. Beginning of classification.
Let us use the notations and assumptions of Section 1. In this section we begin to prove
the claim of Theorem 1.10. Suppose that there is a birational map ρ : X 99K V and an elliptic
fibration ν : V → P2 such that V is smooth, and fibers of ν are connected. We must show that
there is a commutative diagram
(3.1) X
ξ




σ //________ X
ρ
//______ V
ν

P(1, a1, ai)
ζ
//_____________ P2,
where φ is a birational map, σ is a birational automorphism of X, and ξ is one of the dominant
rational maps constructed in Examples 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8 and 1.9.
The commutative diagram 3.1 implies the commutative diagram
(3.2) X
ξ




ρ
//________ V
ν

P(1, a1, ai)
ζ
//______ P2
in the case when ξ ◦ σ = χ ◦ ξ for every σ ∈ Bir(X), where χ ∈ Bir(P(1, a1, ai)).
Example 3.3. Let ψ : X 99K P(1, a1, a2) be a projection, and σ be any birational automorphism
of the threefold X. Suppose that n 6∈ {1, 2, 3, 7, 11, 19, 20, 36, 60, 75, 84, 87, 93}. Then it follows
from [6] that there is a birational automorphism χ of P(1, a1, a2) such that ψ ◦ σ = χ ◦ ψ.
LetM be a proper transform of the linear system |ν∗(OP2(1))| on X. ThenM∼Q −kKX for
some natural k, but the singularities of the log pair (X, 1
k
M) are not terminal by Lemma 2.1.
Remark 3.4. It follows from [6] that there is a birational automorphism σ ∈ Bir(X) such that the
singularities of the log pair (X, 1
k′
σ(M)) are canonical, where k′ ∈ N such that M∼Q −k
′KX .
We may assume that the singularities of the log pair (X, 1
k
M) are canonical.
Theorem 3.5. The set CS(X, 1
k
M) does not contain smooth points of X if n 6= 1 and n 6= 2.
Proof. The claim follows from the proof of Theorem 5.1.2 in [6]. 
The following corollary is implied by Lemma 2.4.
Corollary 3.6. The set of centers of canonical singularities CS(X, 1
k
M) does not contain curves
that do not contain singular points of the hypersurface X in the case when n > 6.
The set CS(X, 1
k
M) contains a singular point of X in the case n > 6 by Theorem 2.2.
Proposition 3.7. Suppose that the set CS(X, 1
k
M) contains a singular point O of the hyper-
surface X that is a singularity of type 1
r
(1, r− a, a), where a and r are coprime natural numbers
and r > a. Let π : Y → X be a weighted blow up of O with weights (1, a, r−a). Then −K3Y > 0.
Proof. Suppose that −K3Y < 0. Let E be the π-exceptional divisor, and B be a proper transform
of M on the variety Y . Then −K3Y = −K
3
X − 1/
(
ra(r− a)
)
, but B ∼Q −kKY by Theorem 2.2.
6
Let NE(Y ) be a closure in R2 of the cone generated by effective one-dimensional cycles of the
variety Y . Then −E ·E generates an extremal ray of NE(Y ), but Corollary 5.4.6 in [6] implies
that there are integers b > 0 and c > 0 such that the cycle
−KY ·
(
− bKY + cE
)
is numerically equivalent to an effective, irreducible and reduced curve Γ on the variety Y that
generates the extremal ray of the cone NE(Y ) different from the ray generated by −E ·E.
Let S1 and S2 be general surfaces in B. Then S1 · S2 ∈ NE(Y ), but S1 · S2 ≡ k
2K2Y , which
implies that the cycle S1 · S2 generates an extremal ray of the cone NE(Y ) that contains the
curve Γ. Moreover, for every effective cycle C ∈ R+Γ we have
Supp(C) = Supp
(
S1 · S2
)
,
because S1 · Γ < 0 and S2 · Γ < 0, which contradicts Lemma 2.5. 
The following result is implied by Proposition 3.7.
Proposition 3.8. The claim of Theorem 1.10 holds for n ∈ {14, 22, 28, 34, 37, 39, 52, 53, 57, 59,
66, 70, 72, 73, 78, 81, 86, 88, 89, 90, 92, 94, 95}.
Proof. We must show the existence of the commutative diagram
(3.9) X
ψ




ρ
//________ V
ν

P(1, a1, a2)
φ
//______ P2,
where ψ is the natural projection, and φ is a birational map.
It follows from Theorems 2.2 and 3.5 and Lemma 2.4 that CS(X, 1
k
M) contains a singular
point P ∈ X of type 1
r
(1, a, r − a), where a and r are coprime natural numbers and r > a.
Let π : Y → X be a weighted blow up of P with weights (1, a, r − a), and B be the proper
transform of the linear system M on variety Y . Then −K3Y = 0 by Proposition 3.7.
It is easy to see that the linear system | − rKY | does not have base points for r ≫ 0 and
induces the morphism η : Y → P(1, a1, a2) such that the diagram
Y
pi
xxqq
qq
qq
qq
qq
qq
q
η
((QQ
QQQ
QQQ
QQQ
QQQ
X
ψ
//_____________ P(1, a1, a2)
is commutative. The equivalence B ∼Q −kKY holds by Theorem 2.2, which implies the existence
of the commutative diagram 3.9. 
The following result implies Corollary 1.12.
Lemma 3.10. The claim of Theorem 1.10 holds for n 6∈ {3, 60, 75, 84, 87, 93}.
Proof. It follows from Proposition 3.7 that n 6∈ {75, 84, 87, 93}.
Suppose that n = 3. Then the hypersurface X is smooth, and the set CS(X, 1
k
M) contains an
irreducible curve Γ such that −KX · Γ = 1 by Lemma 2.4. In particular, the curve Γ is smooth.
Let γ : X¯ → X be a blow up of Γ, G be the exceptional divisor of γ, and S¯1 and S¯2 are proper
transforms on X¯ of general surfaces in M. Then the divisor γ∗(−3KX)−G is nef and big, but(
η∗(−3KX)−G
)
· S¯1 · S¯1 = 0,
which contradicts Corollary 2.7.
We have n = 60. The threefold X is a hypersurface in P(1, 4, 5, 6, 9) of degree 24.
It is easy to check that CS(X, 1
k
M) does not contain curves by Corollary 2.9, which implies
that the set CS(X, 1
k
M) consists of the singular point O of the hypersurface X that is a quotient
singularity of type 19 (1, 4, 5) by Proposition 3.7. Let π : Y → X be a weighted blow up of the
7
singular point O with weights (1, 4, 5), and D be a proper transform of the linear system M on
the threefold Y . Then D ∼Q −kKY by Theorem 2.2.
Let P and Q be the points of Y contained in the π-exceptional divisor that are singularities
of types 14(1, 1, 3) and
1
5 (1, 1, 4) respectively. Then CS(Y,
1
k
D) ⊆ {P,Q} by Lemmas 2.3 and 2.4.
Suppose that the set CS(Y, 1
k
D) contains the point Q. Let α : U → Y be a weighted blow up
of the point Q with weights (1, 1, 4), and B be a proper transform of the linear systemM on the
variety U . Then B ∼Q −kKU by Theorem 2.2, the linear system | − 4KU | is a proper transform
of the pencil |−4KX |, and the base locus of the pencil |−4KU | consists of an irreducible reduced
curve Z on the variety U such that the curve π ◦ α(Z) is a base curve of the pencil | − 4KX |.
Let H be a general surface in | − 4KU |. Then Z
2 = −1/30 on H, but B|H ∼Q kZ, which
contradicts Lemmas 2.8 and 2.10. We see that CS(Y, 1
k
D) = {P} by Lemmas 2.1 and 2.3.
Let β : W → Y be a weighted blow up of the point P with weights (1, 1, 3), and D be the
proper transform of the general surface in | − 5KX | on W . Then D is nef and big, but the
equality D ·H1 ·H2 = 0 holds, where H1 and H2 are general surfaces of the proper transform of
the linear system M on the variety W , which contradicts Corollary 2.7. 
Now we prove the following very simple result.
Proposition 3.11. Suppose that n = 11. Then the diagram 3.2 exists, where ξ is one of the five
rational maps constructed in Example 1.7.
Proof. The threefoldX is a hypersurface in P(1, 1, 2, 2, 5) of degree 10, whose singularities consist
of points P1, P2, P3, P4 and P5 that are singularities of types
1
2 (1, 1, 1). The diagram
Ui
pii
 


 ηi
$$H
HH
HH
HH
HH
X
ξi
//_______ P(1, 1, 2)
commutes, where ξi is a projection, πi is the weighted blow up of Pi with weights (1, 1, 1), and ηi is
an elliptic fibration. It follows from Theorems 2.2 and 3.5 and Lemma 2.4 that Pi ∈ CS(X,
1
k
M)
for some i ∈ {1, 2, 3, 4, 5}.The diagram 3.2 exists for ξ = ξi by Theorem 2.2. 
The following result is due to [12].
Theorem 3.12. Suppose that CS(X, 1
k
M) contains an irreducible curve C, and n > 3. Then
Supp(C) ⊂ Supp
(
S1 · S2
)
,
where S1 and S2 are different surfaces of the linear system | −KX |.
Let us prove the following result of Daniel Ryder.
Proposition 3.13. The claim of Theorem 1.10 holds for n = 5.
Proof. Let n = 5. Then X is a hypersurface in P(1, 1, 1, 2, 3) of degree 7, whose singularities
consist of the points P and Q such that P is a singular point of type 12(1, 1, 1), and Q is a singular
point of type 13(1, 1, 2). The hypersurface X can be given by the equation
w2f1(x, y, z) + f4(x, y, z, t)w + f7(x, y, z, t) = 0 ⊂ P(1, 1, 1, 2, 3) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = wt(y) = wt(z) = 1, wt(t) = 2, wt(w) = 3, and fi is a quasihomogeneous polyno-
mial of degree i. There is a commutative diagram
W
γ
ttiiii
iiii
iiii
iiii
iiii
iii
α

Y
η
%%J
JJ
JJ
JJ
JJ
J X
ξ
yys
s
s
s
s
ψ
  B
B
B
B U
ω~~}}
}}
}}
}
β
hhQQQQQQQQQQQQQQQQ
P(1, 1, 1, 2)
χ
//_______ P2,
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where χ and ξ are the natural projections, the morphism ω is an elliptic fibration, the morphism
α is a weighted blow up of the point Q with weights (1, 1, 2), the morphism γ is the birational
morphism that contracts 14 smooth irreducible rational curves C1, . . . , C14 into 14 isolated or-
dinary double points P1, . . . , P14 of the variety Y respectively, the morphism η is a double cover
branched over the surface R ⊂ P(1, 1, 1, 2) that is given by the equation
f4(x, y, z, t)
2 − 4f1(x, y, z)f7(x, y, z, t) = 0 ⊂ P(1, 1, 1, 2) ∼= Proj
(
C[x, y, z, t]
)
and has 14 isolated ordinary double points η(P1), . . . , η(P14), and β is the composition of the
weighted blow ups with the weights (1, 1, 1) of two singular points of the variety W that are
singularities of types 12(1, 1, 1). It follows from Theorem 3.12 that the set CS(X,
1
k
M) does not
contain curves (see the proof of Lemma 8.3).
Suppose that the set CS(X, 1
k
M) consists of the point Q. Let O be the singular point of the
threefold W that dominates the singular point Q, and D be the proper transform of the linear
systemM on the threefold W . Then O ∈ CS(W, 1
k
D) by Theorem 2.2 and Lemmas 2.1 and 2.3.
Let B be the proper transform of D on Y . Then it follows from Theorem 2.2 and Lemmas 2.3
and 2.4 that CS(Y, 1
k
B) contains a curve C such that −KY · C = 1/2, and χ ◦ η(C) is a point.
There is an irreducible curve Z on the variety Y such that the curve Z is different from the
curve C, but η(Z) = η(C). Let S be a general surface of the linear system |−KY | that contains
the curve C. Then Z2 < 0 on S, but B|S ∼Q kC + kZ, which contradicts to Lemma 2.8.
It follows from Theorem 2.2 and Lemmas 2.3 and 2.4 that
CS
(
X,
1
k
M
)
=
{
P,Q
}
,
but O ∈ CS(W, 1
k
D) by Corollary 2.9 and Lemmas 2.1 and 2.3. Hence, the proper transform of
the linear system M on the variety U is contained in the fibers of ω by Theorem 2.2. 
The claim of Theorem 3.12 implies the following result.
Lemma 3.14. Suppose that a2 6= 1. Then the set CS(X,
1
k
M) does not contains curves.
Proof. Suppose that CS(X, 1
k
M) contains a curve C. Then the claim of Theorem 3.12 implies
that there are surfaces S1 and S2 of the pencil | −KX | such that the curve C is an irreducible
component of the irreducible and reduced curve S1 ∩ S2, which contradicts Lemma 2.4. 
Let us illustrate Lemma 3.14 by proving the following result.
Proposition 3.15. The claim of Theorem 1.10 holds for n = 18.
Proof. Let n = 18. Then X is a hypersurface in P(1, 2, 2, 3, 5) of degree 12, whose singularities
consist of the points O1, O2, O3, O4, O5 and O6 that are quotient singularities of type
1
2(1, 1, 1),
and the point P that is a quotient singularity of type 15 (1, 2, 3). There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 2, 2),
where ψ is a projection, α is the weighted blow up of P with weights (1, 2, 3), β is the weighted
blow up with weights (1, 1, 2) of the singular point of the variety U that is a quotient singularity
of type 13(1, 1, 2), and η is an elliptic fibration.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that CS(X, 1
k
M) = {P}.
Let D be the proper transform of M on the variety U , and Q and O be the singular points
of the variety U contained in the exceptional divisor of the birational morphism α that are
singularities of types 13(1, 1, 2) and
1
2(1, 1, 1) respectively. Then D ∼Q −kKU and
∅ 6= CS
(
U,
1
k
D
)
⊆
{
Q,O
}
by Theorem 2.2 and Lemma 2.1, 2.3 and 2.4.
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Suppose that the set CS(U, 1
k
D) contains the point O. Let π : Y → U be the weighted blow
up of O with weights (1, 1, 1), F be the π-exceptional divisor, and H and P be the proper
transforms of M and | − 3KU | on Y respectively. Then H ∼Q −kKY by Theorem 2.2, but
P ∼Q π
∗
(
− 3KU
)
−
1
2
F,
and the base locus of the linear system P consists of the irreducible curve Z such that α ◦ π(Z)
is the base curve of the linear system | − 3KX |. Moreover, for a general surface S of the linear
system P, the inequality S · Z > 0 holds, which implies that the divisor π∗(−6KU ) − F is nef
and big. On the other hand, for general surfaces D1 and D2 of the linear system H, we have(
π∗
(
− 6KU
)
− F
)
·D1 ·D2 =
(
π∗
(
− 6KU
)
− F
)
·
(
π∗
(
− kKU
)
−
k
2
F
)2
= 0,
which contradicts Corollary 2.7.
Therefore, the set CS(U, 1
k
D) contains the point Q. Let B be the proper transform of the
linear system M on the variety W . Then the equivalence B ∼Q −kKW holds by Theorem 2.2,
which easily implies that the claim of Theorem 1.10 holds for the hypersurface X. 
We conclude this section by proving the following result, which is proved in [1] and [2].
Theorem 3.16. The claim of Theorem 1.10 holds for n = 1.
Proof. Let X be a general hypersurface in P4 of degree 4. Then we must show that there is a
line L ⊂ X such that there is a commutative diagram
(3.17) X
ψ




ρ
//______ V
ν

P2 σ
//______ P2,
where ψ is the projection from the L, and σ is a birational map.
Suppose that CS(X, 1
k
M) contains a point P of the quartic X. Let H be a general hyperplane
section of X passing through the point P . Then it follows from Lemma 1.10 in [5] that
4k2 6 multP
(
D1 ·D2
)
6 D1 ·D2 ·H = 4k
2,
where D1 and D2 are general surfaces of the linear system M. Therefore, the support of the
effective one-dimensional cycle D1 ·D2 is contained in the union of a finite number of lines on
the quartic X that pass through the point P , which contradicts Lemma 2.5.
Therefore, the set CS(X, 1
k
M) contains a curve C. Thus, the inequality multC(M) > k holds,
but it follows from Lemma 2.4 that deg(C) 6 3.
Suppose that C is not contained in any plane in P4. Then the curve C is either a smooth
curve of degree 3 or 4, or a rational curve of degree 4 having one double point.
Suppose that C is smooth. Let α : U → X be the blow up of the curve C, F be the the
exceptional divisor of α, and D be the proper transform of M on the variety U . Then the base
locus of the linear system |α∗(−deg(C)KX)− F | does not contain curves, but(
α∗
(
− deg(C)KX
)
− F
)
·D1 ·D2 < 0,
where D1 and D2 are general surfaces of the linear system D, which is a contradiction.
Thus, the curve C is a quartic curve with a double point P . Let β : W → X be a composition
of the blow up of P with the blow up of he proper transform of C. Let G and E be the
exceptional divisors of β such that β(E) = C and β(G) = P . Then the base locus of the linear
system |β∗(−4KX)− E − 2G| does not contain curves, but(
β∗
(
− 4KX
)
− E − 2G
)
·D1 ·D2 < 0
where D1 and D2 are general surfaces of the linear system D, which is a contradiction.
Hence, we see that the curve C is contained in a plane in P4.
Suppose that deg(C) 6= 1. Then we have the following possibilities:
• the curve C is a smooth conic;
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• the curve C is a smooth plane cubic;
• the curve C is a singular plane cubic.
Suppose that C is smooth. Let α : U → X be a blow up of the curve C, F be the exceptional
divisor of the morphism α, and D be the proper transform of M on the variety U . Then one
can easily check that the base locus of the linear system |α∗(−deg(C)KX)−F | does not contain
curves. Therefore, the divisor α∗(−deg(C)KX)− F is nef and big, but
(
α∗
(
− deg(C)KX
)
− F
)
·D1 ·D2 = 0,
where D1 and D2 are general surfaces of D, which contradicts Corollary 2.7.
Hence, the curve C is a plane cubic with a double point P . Let β : W → X be a composition
of the blow up of P with the blow up of the proper transform of C. Let G and E be the
exceptional divisors of the morphism β such that β(E) = C and β(G) = P . Then the base
locus of the linear system |β∗(−3KX)−E− 2G| does not contain curves, which implies that the
divisor β∗(−3KX)− E − 2G is nef and big. On the other hand, the inequality
(
β∗
(
− 3KX
)
− E − 2G
)
·D1 ·D2 6 0
holds, where D1 and D2 are general surfaces of D, which is impossible by Corollary 2.7.
Thus, we see that the curve C is a line. The equality multC(D) = k implies the existence of
the commutative diagram 3.17, where L = C. 
4. Case n = 2, hypersurface of degree 5 in P(1, 1, 1, 1, 2).
We use the notations and assumptions of Section 3. Let n = 2. ThenX is a sufficiently general
hypersurface in P(1, 1, 1, 1, 2) of degree 5, the equality −K3X = 5/2 holds, and the singularities
of the hypersurface X consist of a point O that is a quotient singularity of type 12(1, 1, 1).
The hypersurface X can be given by the equation
w2f1(x, y, z, t) + f3(x, y, z, t)w + f5(x, y, z, t) = 0 ⊂ P(1, 1, 1, 1, 2) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = wt(y) = wt(z) = wt(t) = 1 and wt(w) = 2, fi(x, y, z, t) is a homogeneous
polynomial of degree i, and the point O is given by the equations x = y = z = t = 0.
Let ψ : X 99K P3 be the natural projection. Then there is a commutative diagram
Y
pi
xxqq
qq
qq
qq
qq
qq
q
γ
@
@@
@@
@@
@ Wi
αioo
ωi
  A
AA
AA
AA
A
X
ψ
&&M
M
M
M
M
M
M Z
η
~~
~~
~~
~~
Ui
βioo
ξi~~}}
}}
}}
}}
P3 χi
//_______ P2
where π is the weighted blow up of the point O with weights (1, 1, 1), the morphism γ is the
birational morphism that contracts 15 smooth rational curves C1, . . . , C15 to 15 isolated ordinary
double points P1, . . . , P15 of the variety Z respectively, η is a double cover branched over the
surface R ⊂ P3 of degree 6 that is given by the equation
f3(x, y, z, t)
2 − 4f1(x, y, z, t)f5(x, y, z, t) = 0 ⊂ P
3 ∼= Proj
(
C[x, y, z, t]
)
and has 15 isolated ordinary double points η(P1), . . . , η(P15), αi is a blow up of Ci, βi is a blow
up of the point Pi, wi is a birational morphism, χi is a projection from η(Pi), and ξi is an elliptic
fibration. Moreover, the points η(P1), . . . , η(P15) are given by the equations f3 = f1 = f5 = 0.
Remark 4.1. It follows from [6] that a general fiber of χi ◦ ψ is Bir(X)-invariant.
In the rest of the section we prove the following result.
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Proposition 4.2. There is a commutative diagram
(4.3) Ui
ξi

ρ
//______ V
ν

P2
φ
//______ P2
for some i ∈ {1, . . . , 15}, where φ is a birational map.
Let Bi be the proper transform of the linear system M on the variety Wi. Then in order
to prove the existence of the commutative diagram 4.3 it is enough to show that Bi lies in the
fibers of the elliptic fibration ξi ◦ ωi, which is implied by the equivalence Bi ∼Q −kKWi .
Lemma 4.4. Suppose that CS(X, 1
k
M) contains a smooth point of X. Then the commutative
diagram 4.3 exists for some i ∈ {1, . . . , 15}.
Proof. Suppose that CS(X, 1
k
M) contains a smooth point P of X. Let S be a sufficiently general
surface in | −KX | that passes through P . In the case when P 6∈ ∪
15
i=1π(Ci), the surface S does
not contain irreducible components of the effective cycle D1 ·D2, where D1 and D2 are general
surfaces of the linear system M. Therefore, in the latter case we have
multP
(
D1 ·D2
)
6 D1 ·D2 · S = −k
2K3X =
5
2
k2,
which contradicts Lemma 1.10 in [5]. Thus, the point P is contained in π(Ci) for some i.
We use arguments of [6]. Put C = π(Ci) and M|S = L + multC(M)C, where L is a linear
system on the surface S without fixed components. Then the log pair
(
S,
1
k
L+
multC
(
M
)
k
C
)
is not log terminal in P by Theorem 7.5 in [10]. Therefore, we have
multP
(
L1 · L2
)
> 4
(
1−
multC
(
M
)
k
)
k2
by Theorem 3.1 in [5], where L1 and L2 are general curves in L. On the other hand, the equality
L1 · L2 =
5
2
k2 −multC
(
M
)
k −
3
2
mult2C
(
M
)
holds on the surface S, because C2 = −3/2. Hence, we have
5
2
k2 −multC
(
M
)
k −
3
2
mult2C
(
M
)
> 4
(
1−
multC
(
M
)
k
)
k2,
which implies multC(M) = k. Thus, the curve π(Ci) is contained in CS(X,
1
k
M), and the
equivalence Bi ∼Q −kKWi follows from Theorem 2.2, which concludes the proof. 
We may assume that CS(X, 1
k
M) does not contain smooth points of X.
Lemma 4.5. Let C be a curve on X such that C ∩ Sing(X) = ∅. Then C 6∈ CS(X, 1
k
M).
Proof. Suppose that the set CS(X, 1
k
M) contains the curve C. Then multC(M) = k. Let H be
a very ample divisor on X. Then H ∼Q −λKX holds for a natural number λ. Thus, we have
5λk2
2
= −λk2K3X = H · S1 · S2 > mult
2
C
(
M
)
H · C > −λk2KX · C,
where S1 and S2 are general surfaces in M. Therefore, we have the following possibilities:
• the equality −KX · C = 1 holds, and the curve C is smooth and rational;
• the equality −KX · C = 2 holds, and the curve C is smooth and rational;
• the equality −KX · C = 2 holds, and the arithmetic genus of the curve C is 1.
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Let σ : Xˇ → X be the blow up of the ideal sheaf of the curve C, and G be the exceptional
divisor of the birational morphism σ. Then the variety Xˇ is smooth in the neighborhood of
the divisor G whenever the curve C is smooth. Moreover, in the case when the curve C has an
ordinary double point the singularities of Xˇ in the neighborhood of the divisor G consist of a
single isolated ordinary double point. In the case when the curve C has a cuspidal singularity
the singularities of the variety Xˇ in the neighborhood of G consist of an isolated double point
such that Xˇ in the neighborhood of this point is locally isomorphic to the hypersurface
x21 + x
2
2 + x
2
3 + x
3
4 = 0 ⊂ C
∼= Spec
(
C[x0, x1, x2, x3]
)
.
Let Sˇ1 and Sˇ2 be the proper transforms of the surfaces S1 and S2 on the variety Xˇ respectively.
Suppose that −KX ·C = 1. Then the curve C is cut in the set-theoretic sense by the surfaces
of the linear system | − 2KX | that pass through C. Moreover, the scheme-theoretic intersection
of two general surfaces of the linear system | − 2KX | passing through C is reduced in a general
point of C. Thus, the divisor σ∗(−2KX)−G is nef and big (see Lemma 5.2.5 in [6]), but(
σ∗(−2KX)−G
)
· Sˇ1 · Sˇ2 = 0,
which is impossible by Corollary 2.7.
Suppose that −KX ·C = 2, and C is smooth and rational. Then σ
∗(−2KX )−G is nef, because
the curve C is cut in the set-theoretic sense by the surfaces of the linear system | − 2KX | that
pass through the curve C, but the scheme-theoretic intersection of two general surfaces of the
linear system | − 2KX | passing throughC is reduced in a general point of C. We have
0 > −3k2 =
(
σ∗(−2KX)−G
)
· Sˇ1 · Sˇ2 > 0.
Hence, the arithmetic genus of the curve C is 1 and −KX ·C = 2. The curve C is a set-theoretic
intersection of the surfaces in | − 4KX | that pass through C. Moreover, the scheme-theoretic
intersection of two general surfaces of the linear system | − 4KX | passing through C is reduced
in a general point C. Hence, the divisor σ∗(−4KX)−G is nef and big, but(
σ∗(−4KX)−G
)
· Sˇ1 · Sˇ2 = 0,
which contradicts Corollary 2.7. 
It follows from Theorem 2.2 that O ∈ CS(X, 1
k
M). Let D be the proper transform of M on
the variety Y . Then Theorem 2.2 implies that D ∼Q −kKY . Thus, the commutative diagram 4.3
exists in the case when Ci ∈ CS(Y,
1
k
D). Therefore, we may assume that
CS
(
Y,
1
k
D
)
∩
{
C1, . . . , C15
}
= ∅.
Lemma 4.6. The set CS(Y, 1
k
D) does not contain smooth points of the variety Y .
Proof. The set CS(X, 1
k
M) does not contain smooth points of X. Therefore, to conclude the
proof it is enough to show that the set CS(Y, 1
k
D) does not contain points of the exceptional
divisor of the morphism π, which is implied by Lemma 2.3. 
Put H = γ(D). Then H ∼Q −kKZ , the singularities of the log pair (Z,
1
k
H) are canonical,
and the claim of Lemma 2.1 implies that the set CS(Z, 1
k
H) is not empty.
Lemma 4.7. The set CS(Z, 1
k
H) does not contain points of the variety Z.
Proof. It follows from Lemma 4.6 that smooth points of the variety Z are not contained in the
set CS(Z, 1
k
H). The condition Pi ∈ CS(Z,
1
k
H) implies that the set CS(Y, 1
k
D) contains either
the curve Ci, or a point on the curve Ci, which is impossible. 
Thus, there is a curve Γ on Z that is contained in the set CS(Z, 1
k
H), and multΓ(H) = k.
Lemma 4.8. The equality −KZ · Γ = 1 holds.
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Proof. Let H be a general divisor of the linear system | −KZ |. Then
2k2 = H ·D1 ·D2 > multΓ
(
D1 ·D2
)
H · Γ > −k2KZ · Γ,
where D1 and D2 are sufficiently general surfaces of the linear system H. Therefore, the in-
equality −KZ ·Γ 6 2 holds. Moreover, the equality −KZ ·Γ = 2 implies that the support of the
effective cycle D1 ·D2 coincides with the curve Γ, which contradicts Lemma 2.5. 
The curve η(Γ) is a line in P3, and η|Γ : Γ→ η(Γ) is an isomorphism. However, the arguments
used in the proof of Lemma 4.8 easily imply that CS(Z, 1
k
H) = {Γ} and multΓ(D1 ·D2) < 2k
2,
where D1 and D2 are general surfaces in H.
Lemma 4.9. The line η(Γ) is contained in the ramification surface R of the double cover η.
Proof. Suppose that the line η(Γ) is not contained in the surface R. Let S be a general surface
of the linear system | −KZ | that passes through the curve Γ. Then
H|S = multΓ(H)Γ + multΩ(H)Ω + L,
where L is a linear system on the surface S that does not have fixed components, and Ω is a
smooth rational curve on the variety Z such that η(Ω) = η(Γ), but Ω 6= Γ. We have
Sing(Z) ∩ Γ =
{
Pi1 , . . . , Pir
}
(
{
P1, . . . , P15
}
= Sing(Z),
but Pij is an ordinary double point of the surface S. The equalities Γ
2 = Ω2 = −2 + r/2 hold
on the surface S, but r 6 3. Hence, the inequality Ω2 < 0 holds on the surface S, and(
k −multΩ(H)
)
Ω2 =
(
multΓ(H)− k
)
Γ · Ω+ L · Ω = L · Ω > 0,
where L is a general curve in the linear system L. Therefore, the inequality multΩ(H) > k holds,
which implies that Ω ∈ CS(Z, 1
k
H), which is impossible. 
Let H be a general hyperplane in P3 passing through the line η(Γ). Then the curve
∆ = H ∩R = η(Γ) ∪Υ
is reduced and η(Γ) 6⊂ Supp(Υ), where Υ is a plane curve of degree 5. Moreover, the reducible
curve ∆ is singular in every singular point η(Pi) of the surface R that lies on the line η(Γ), but
the set η(Γ) ∩Υ contains at most 5 points. On the other hand, we have
Sing(∆) ∩ η(Γ) = Υ ∩ η(Γ),
which implies that |Sing(Z) ∩ Γ| 6 5. Moreover, the surface R is given by the equation
f3(x, y, z, t)
2 = 4f1(x, y, z, t)f5(x, y, z, t) ⊂ P
3 ∼= Proj
(
C[x, y, z, t]
)
,
and singular points of R are given by the equations f1 = f3 = f5 = 0. We may assume that the
equations f1 = f3 = 0 and f1 = f5 = 0 defines irreducible curves in P
3, which implies that at
most 3 points of the subset Sing(R) ⊂ P3 can lie on a single line. Therefore, the Bertini theorem
implies that η(Γ) ∩Υ contains different points O1 and O2 that are not contained in Sing(R).
Remark 4.10. The hyperplane H tangents the surface R in the points O1 and O2.
Let Lj be a general line on the plane H that passes through the point Oj , O˜j be a proper
transform of the point Oj on the variety Z, and L˜j be the proper transform of the line Lj on
the variety Z. Then Lj tangents the surface R in the point Oj , and the curve L˜j is irreducible
and singular in the point O˜j, but −KZ · L˜j = 2. Let H˜ be the proper transform of H on the
variety Z, and D be a general surface of the linear system H. Then
D|H˜ = multΓ(H)Γ + Ψ,
where Ψ is an effective divisor on H˜ such that Γ 6⊂ Supp(Ψ). Let Λj = (D\Γ) ∩ L˜j. Then
2k = D·L˜j > multO˜j(L˜j)multΓ(D)+
∑
P∈Λj
multP (D)·multP (L˜j) > 2k+
∑
P∈Λj
multP (D)·multP (L˜j),
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which implies that D ∩ L˜j ⊂ Γ. On the other hand, when we vary the lines L1 and L2 on the
plane H the curves L˜1 and L˜2 span two different pencils on the surface H˜, whose base locus
consist of the points O˜1 and O˜1 respectively. Hence, we have
Supp(D) ∩ Supp(H˜) = Supp(Γ),
where H˜ is a general divisor in | − KZ | that passes through the curve Γ, and D is a general
divisor in H, which contradicts Lemma 2.8. The claim of Proposition 4.2 is proved4.
5. Case n = 4, hypersurface of degree 6 in P(1, 1, 1, 2, 2).
We use the notations and assumptions of Section 3. Let n = 4. ThenX is a sufficiently general
hypersurface in P(1, 1, 1, 2, 2) of degree 6, the equality −K3X = 3/2 holds, and the singularities of
the hypersurface X consist of points P1, P2, P3 that are quotient singularities of types
1
2(1, 1, 1).
Let ψ : X 99K P2 be the natural projection. Then a general fiber of the rational map ψ is an
elliptic curve, and the composition ψ ◦ η is a morphism, where η : Y → X is a composition of
the weighted blow ups of the singular points P1, P2 and P3 with weights (1, 1, 1).
Proposition 5.1. The claim of Theorem 1.10 holds for n = 4.
Let us prove Proposition 5.1. We must show the existence of the commutative diagram
(5.2) X
ψ




ρ
//______ V
ν

P2
φ
//______ P2,
where φ ∈ Bir(P2). Let Z be an element of CS(X, 1
k
M). We have the following possibilities:
• the subvariety Z is a curve that is contained in X \ Sing(X);
• the subvariety Z is a curve that contains a singular point of the hypersurface X;
• the subvariety Z is a singular point of the hypersurface X.
Suppose that Z is an irreducible curve such that Z does not contain singular points of the
hypersurface X. Then the equality −KX · Z = 1 holds by Lemma 2.4, which implies that the
curve Z is smooth. Let γ : W → X be the blow up of the curve Z, and G be the exceptional
divisor of the morphism γ. Then the divisor γ∗(−4KX)−G is nef, which implies that(
γ∗(−4KX )−G
)
· S¯1 · S¯2 > 0,
where S¯1 and S¯2 are proper transforms on the variety W of sufficiently general surfaces of the
linear system M. We have 0 6 (γ∗(−4KX)−G) · S¯1 · S¯2 = −k
2, which is a contradiction.
Suppose that Z is an irreducible curve that passes through some singular point of the hyper-
surface X. Then the inequality −KX · Z 6 1 holds by Lemma 2.4. The curve C is contracted
by the rational map ψ to a point, and either −KX · Z = 1/2, or −KX · Z = 1.
Let F be a sufficiently general surface of the linear system | −KX | that passes through the
curve Z. Then the surface F is smooth outside the points P1, P2 and P3, which are isolated
ordinary double points of F . Let Z˜ be a fiber of ψ over the point ψ(Z). Then the generality of
the hypersurface X implies that the curve Z is an irreducible component of Z˜.
Suppose that Z˜ consists of irreducible curves Z and Z¯. Then the inequality Z¯2 < 0 holds on
the surface F , but M|F ∼Q kZ + kZ¯. On the other hand, we have
M|F = multZ(M)Z +multZ¯(M)Z¯ + F ,
where F is a linear system on the surface F that does not have fixed components, but(
k −multZ¯
(
M
))
Z¯ ∼Q F ,
which implies that multZ¯(M) = k and Supp(S1 · S2) ⊂ Z ∪ Z¯, which contradicts Lemma 2.5.
4It is easy to see that the given proof implies the claim of Proposition 4.2 under the weaker assumption that
the hypersurface X is quasismooth, and the projection ψ : X 99K P3 contracts 15 different curves.
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Suppose that the fiber Z˜ consists of irreducible curves Z, Zˆ and Zˇ. Then
−KX · Zˆ = −KX · Zˇ = −KX · Z =
1
2
,
but the intersection form of the curves Zˆ and Zˇ on the surface F is negatively defined, which
implies that the support of S1 ·S2 is contained in Z∪ Zˆ∪ Zˇ, where S1 and S2 are general surfaces
of the linear system M, which is impossible by Lemma 2.5.
Hence, we have CS(X, 1
k
M) ⊆ {P1, P2, P3}.
Let π : U → X be a composition of the weighted blow ups with weights (1, 1, 1) of the singular
points of the hypersurface X that are contained in the set CS(X, 1
k
M), and D be the proper
transform of the linear system M on the variety U . Then it follows from Theorem 2.2 that the
equivalence D ∼Q −kKU holds, but the divisor −KU is nef.
Suppose that CS(U, 1
k
D) contains a subvariety ∆ ⊂ U . Then ∆ is contained in some excep-
tional divisor of π. Let G be an exceptional divisor of π that contains ∆. Then ∆ is a line
on the surface G ∼= P2 by Lemma 2.3. The linear system |π∗(−2KX ) − G| does not have base
points, and the divisor π∗(−2KX) − G is nef and big. It follows from Lemma 0.3.3 in [9] that
there is a proper Zariski closed subset Λ ⊂ U such that Λ contains all curves on U having trivial
intersections with the divisor π∗(−2KX)−G. We have
2k2 =
(
π∗
(
− 2KX
)
−G
)
· S˜1 · S˜2 > mult
2
∆
(
D
)(
π∗
(
− 2KX
)
−G
)
·∆ = 2k2,
where S˜1 and S˜2 are the proper transforms of S1 and S2 on U respectively. Thus, the support
of the effective cycle S˜1 · S˜2 is contained in Λ ∪∆, which is impossible by Lemma 2.5.
Hence, the set CS(U, 1
k
D) is empty, and −K3U = 0 by Lemma 2.1. Then π = η, which implies
that D lies in the fibers of ψ ◦ π. Therefore, the commutative diagram 5.2 exists.
6. Case n = 6, hypersurface of degree 8 in P(1, 1, 1, 2, 4).
We use the notations and assumptions of Section 3. Let n = 6. ThenX is a sufficiently general
hypersurface in P(1, 1, 1, 2, 4) of degree 8, the equality −K3X = 1 holds, and the singularities of
the hypersurface X consists of points P1 and P2 that are singularities of type
1
2(1, 1, 1).
There is a commutative diagram
(6.1) U
pi
 


 η
  A
AA
AA
AA
X
ψ
//_______ P2,
where ψ is the natural projection, π is a composition of the weighted blow ups of the singular
points P1 and P2 with weights (1, 1, 1), and η is an elliptic fibration.
Proposition 6.2. The claim of Theorem 1.10 holds for n = 6.
Let us prove Proposition 6.2. It follows from Theorem 3.5 that the set CS(X, 1
k
M) does not
contain smooth points of the hypersurface X. Therefore, the set CS(X, 1
k
M) contains a singular
point of the hypersurface X by Corollary 3.6 and Theorem 2.2.
Remark 6.3. Suppose that the set CS(X, 1
k
M) contains both points P1 and P2. Then it easily
follows from Theorem 2.2 that the claim of the Theorem 1.10 holds for the hypersurface X.
We may assume that P1 ∈ CS(X,
1
k
M) and P2 6∈ CS(X,
1
k
M).
Lemma 6.4. The set CS(X, 1
k
M) does not contain curves.
Proof. Suppose that CS(X, 1
k
M) contains a curve C. Then −KX · C = 1/2 by Lemma 2.4.
Let Cˇ be the proper transform of the curve C on the variety U . Then −KU · Cˇ = 0, which
implies that the curve Cˇ is a component of a fiber of η. Therefore, the curve C is contracted by
the rational map ψ : X 99K P2 to a point. In particular, the curve C is smooth and rational.
Let S be a general surface of the linear system | −KX | that contains the curve C. Then the
surface S is smooth outside the points P1 and P2, which are isolated ordinary double points on
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the surface S. Let F be a fiber of the rational map ψ over the point ψ(C). Then F consists of
two irreducible components such that the curve C is one of them. Let Z be the component of
the curve F that is different from the curve C. Then Z2 < 0 on the surface S, but
M|S = multC(M)C +multZ(M)Z + L,
where L is a linear system having no fixed components. We have (k−multZ(M))Z ∼Q L, which
implies that multZ(M) = k. The latter is impossible by Lemmas 2.8 and 2.10. 
Thus, the set CS(X, 1
k
M) consists of the point P1. Let ζ : Y → X be the weighted blow up
of the point P1 with weights (1, 1, 1), and D be the proper transform of the linear systemM on
the variety Y . Then D ∼Q −kKY by Theorem 2.2, and CS(Y,
1
k
D) 6= ∅ by Lemma 2.1.
Let T be a subvariety of Y that is contained in CS(Y, 1
k
D). Then ζ(T ) ∈ CS(X, 1
k
M), which
is impossible by Lemmas 2.3 and 2.4.
7. Case n = 7, hypersurface of degree 8 in P(1, 1, 2, 2, 3).
We use the notations and assumptions of Section 3. Let n = 7. ThenX is a sufficiently general
hypersurface in P(1, 1, 2, 2, 3) of degree 8, whose singularities consist of the point Q that is
a quotient singularity of type 13(1, 1, 2), and the points P1, P2, P3 and P4 that are quotient
singularities of type 12(1, 1, 1). There is a commutative diagram
Ui
αi

Yi
βioo
ηi
((PP
PPP
PPP
PPP
PPP
X
ξi
//_____________ P(1, 1, 2),
where ξi is a projection, αi is the weighted blow up of Pi with weights (1, 1, 1), βi is the weighted
blow up of the proper transform of Q on the variety Ui with weights (1, 1, 2), and ηi is an elliptic
fibration. There is a commutative diagram
U0
α0

Y0
β0oo
η0
((PP
PPP
PPP
PPP
PPP
X
ξ0
//_____________ P(1, 1, 2),
where ξ0 is a projection, α0 is the weighted blow up of Q with weights (1, 1, 2), β0 is the blow up
with weights (1, 1, 1) of the singular point of U0 that dominates Q, and η0 is an elliptic fibration.
Proposition 7.1. There is a commutative diagram
(7.2) X
ξi




σ //________ X
ρ
//______ V
ν

P(1, 1, 2)
φ
//_____________ P2
for some i ∈ {0, 1, 2, 3, 4}, where σ and φ are birational maps.
Let us prove Proposition 7.1. The set CS(X, 1
k
M) does not contains smooth points of the
hypersurface X, and it follows from Lemma 3.14 that CS(X, 1
k
M) ⊆ {P1, P2, P3, P4, Q}.
Lemma 7.3. The set CS(X, 1
k
M) does not contain two points of the set {P1, P2, P3, P4}.
Proof. Suppose that the set CS(X, 1
k
M) contains the points P1 and P2. Let π : W → X be the
composition of the weighted blow ups of P1 and P2 with weights (1, 1, 1), and B be the proper
transform of the linear system M on the variety W . Then B ∼Q −kKW by Theorem 2.2, but
the base locus of | −KW | consists of a curve C such that C
2 = −1/3 on general surface of the
pencil | −KW |, which contradicts Lemma 2.8. 
Let Di be the proper transform of the linear system M on the variety Ui.
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Remark 7.4. The set CS(U0,
1
k
D0) is not empty by Lemma 2.1, if the set CS(X,
1
k
M) contains
the point Q. Similarly, the set CS(Ui,
1
k
Di) is not empty, if CS(X,
1
k
M) contains the point Pi.
Lemma 7.5. The set CS(X, 1
k
M) does not consists of the point Pi.
Proof. Suppose that CS(X, 1
k
M) = {Pi}. Then the set CS(Ui,
1
k
Di) contains an irreducible
subvariety Z ⊂ Ui by Lemma 2.1. Let Ei be the exceptional divisor of αi. Then Z is a line on
the surface Ei ∼= P
2 by Lemma 2.3, which contradicts Lemma 2.4. 
Therefore, the condition Pi ∈ CS(X,
1
k
M) implies that CS(X, 1
k
M) = {Pi, Q}, which easily
implies that the proper transform of the linear system M on the variety Yi lies in the fibers of
the elliptic fibration ηi. The latter implies the existence of the commutative diagram 7.2.
We may assume that the set CS(X, 1
k
M) consists of the point Q.
Let O be a singular point of the variety U0 that is contained in the exceptional divisor of the
morphism α0. Then O is contained in CS(U0,
1
k
D0) by Lemma 2.3, which implies the existence
of the commutative diagram 7.2 by Theorem 2.2. The claim of Proposition 7.1 is proved.
8. Case n = 8, hypersurface of degree 9 in P(1, 1, 1, 3, 4).
We use the notations and assumptions of Section 3. Let n = 8. ThenX is a sufficiently general
hypersurface in P(1, 1, 1, 3, 4) of degree 9, the equality −K3X = 3/4 holds, and the singularities of
the hypersurfaceX consist of the singular point O that is a quotient singularity of type 14(1, 1, 3).
Proposition 8.1. The claim of Theorem 1.10 holds for n = 8.
Let us prove Proposition 8.1. The hypersurface X can be given by the equation
w2z + f5(x, y, z, t)w + f9(x, y, z, t) = 0 ⊂ P(1, 1, 1, 3, 5) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = wt(y) = wt(z) = 1, wt(t) = 3, wt(w) = 4, and fi is a quasihomogeneous polyno-
mial of degree i. The point O is given by x = y = z = t = 0. There is a commutative diagram
W
σ
ttiiii
iiii
iiii
iiii
iiii
iii
α

U
β
oo
Y
ω
%%J
JJ
JJ
JJ
JJ
J X
ξ
yys
s
s
s
s
ψ
))T
TT
TT
TT
TT
TT Z
η~~}}
}}
}}
}
γ
hhQQQQQQQQQQQQQQQQ
P(1, 1, 1, 3)
χ
//______________ P2,
where rational maps ξ, ψ and χ are the natural projections, α is the weighted blow up of the
singular point O with weights (1, 1, 3), β is the weighted blow up with weights (1, 1, 2) of the
singular point of the variety W that is a quotient singularity of type 13(1, 1, 2), γ is the weighted
blow up with weights (1, 1, 1) of the singular point of the variety U that is a quotient singularity
of type 12(1, 1, 1), η is an elliptic fibration, σ is a birational morphism that contracts 15 smooth
rational curves to 15 isolated ordinary double points P1, . . . , P15 of Y respectively, ω is a double
cover branched over the surface R ⊂ P(1, 1, 1, 3) that is given by the equation
f5(x, y, z, t)
2 − 4zf9(x, y, z, t) = 0 ⊂ P(1, 1, 1, 3) ∼= Proj
(
C[x, y, z, t]
)
and has 15 isolated ordinary double points ω(P1), . . . , ω(P15) given by z = f5 = f9 = 0.
Let G be the exceptional divisor of the morphism α, F be the exceptional divisor of the
morphism β, P be the singular point of W , Q be the singular point of U , D be the proper
transform of M on W , H be the proper transform of M on the variety U , P be the proper
transform of M on the variety Z, and B be the proper transform of M on the variety Y .
Remark 8.2. The divisors −KW and −KU are nef and big, and ω ◦ σ(G) is given by z = 0.
Lemma 8.3. The set CS(X, 1
k
M) does not contain curves.
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Proof. Let L be a curve in CS(X, 1
k
M). It follows from Theorem 3.12 that there are two different
surfaces D and D′ in the linear system |−KX | such that the irreducible curve L is a component
of the cycle D ·D′. The cycle D ·D′ is reduced and contains at most two components.
Let P be the pencil in | − KX | that is generated by the surfaces D and D
′. Then we may
assume that D is a sufficiently general surface of the pencil P. Applying Lemma 2.8 together
with the proof of Lemma 2.4 to the linear system M and the pencil P, we immediately obtain
a contradiction in the case when the equality −KX · L = 3/4 holds. Therefore, we may assume
that either −KX ·L = 1/4 or −KX ·L = 1/2. We consider only the case −KX ·L = 1/4, because
the case −KX · L = 1/2 is simpler and very similar.
Let SW be he proper transform on W of the surface given by z = 0, and LW be the proper
transform on W of the curve L. Then SW must contain LW , because
SW ∼Q α
∗
(
−KX
)
−
5
4
G,
but G · LW > 1/3. Thus, either the curve LW is contracted by σ or the curve ω(LY ) is a ruling
of the cone P(1, 1, 1, 3) contained in the surface ω ◦ σ(G), where LY is the image of LW by σ.
Suppose that the curve LW is not contracted by σ. Then, the curve ω(LY ) is not contained
in the surface R, which implies that ω(LY ) contains at most one singular point of R that is
different from the point ω ◦ σ(P ). Moreover, the curve ω(LY ) must contain a singular point of
the surface R different from ω ◦ σ(P ) because −KX · L = 3/4 otherwise. Thus, we may assume
that the curve ω(LY ) contains the point ω(P1).
Let DY and D
′
Y be the proper transforms on Y of the surfaces D and D
′ respectively. Then
the point P1 is an isolated ordinary double point of the surface DY . Thus, we see that the
proper transform of the curve L′ on the threefold W is contracted to the point P1 by σ and
DY ·D
′
Y = LY + L¯Y ,
where L¯Y is a ruling of the cone G ∼= P(1, 1, 3). In particular, we have −KX · L
′ = 1/4, which
contradicts the equality −KX · L = 1/4. Hence, the curve LW is contracted by σ.
Let L′W be the proper transform on W of the curve L
′, and L′Y = σ(L
′
W ). Then ω(L
′
Y ) is a
ruling of the cone P(1, 1, 1, 3) that is contained in the surface ω ◦ σ(G). The curve ω(L′Y ) is not
contained in the surface R, which implies that ω(L′Y ) contains at most one singular point of the
surface R different from the point ω ◦ σ(P ). The curve ω(L′Y ) must contain a singular point of
the surface R different from ω ◦ σ(P ) because −KX · L
′ 6= 3/4. Thus, we may assume that the
curve ω(L′Y ) contains the point ω(P1).
The point P1 is an isolated ordinary double point of DY and σ(LW ) = P1. Hence, we have
DY ·D
′
Y = L
′
Y + L¯
′
Y ,
where L¯′Y is a ruling of G
∼= P(1, 1, 3). The intersection LW ∩ L
′
W consists of a point O
′ such
that O′ 6∈ G. Hence, the intersection L ∩ L′ contains the point α(O′) that is different from O.
The surface D is smooth at the point α(O′), but (L+ L′) · L′ = 1/2 on the surface D, which
implies that L′ · L′ < 0 on the surface D. Therefore, we have
M|D = m1L+m2L
′ + L ≡ kL+ kL′,
where L is a linear system on D that does not have fixed components, and m1 and m2 are
natural numbers such that m1 > k. In particular, we have
0 6 (m1 − k)L
′ · L+ L · L′ = (k −m2)L
′ · L′,
which implies that m2 = m1 = k and M|D = kL+ kL
′, which is impossible by Lemma 2.8. 
It follows from Theorem 3.5 that CS(X, 1
k
M) = {O}. Hence, the claim of Theorem 2.2 implies
that D ∼Q −kKW , but P ∈ CS(W,
1
k
D) by Lemmas 2.1 and 2.3.
Lemma 8.4. Suppose that the set CS(W, 1
k
D) does not contain subvarieties of W that are
different from the point P . Then the claim of Theorem 1.10 holds for the hypersurface X.
Proof. The equivalence H ∼Q −kKU holds by Theorem 2.2. Hence, the set CS(U,
1
k
H) contains
the point Q by Lemmas 2.1 and 2.3. We see that P lies in the fibers of η by Theorem 2.2. 
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We may assume that the set CS(W, 1
k
D) contains a subvariety Z that is different from the
point P . Then Z is a curve in G by Lemma 2.3, which is impossible by Corollary 2.9.
9. Case n = 9, hypersurface of degree 9 in P(1, 1, 2, 3, 3).
We use the notations and assumptions of Section 3. Let n = 9. ThenX is a sufficiently general
hypersurface in P(1, 1, 2, 3, 3) of degree 9, the equality −K3X = 1/2 holds, and the singularities
of the hypersurface X consist of the point O that is a quotient singularity of type 12 (1, 1, 1), and
the points P1, P2 and P3 that are quotient singularities of type
1
3 (1, 1, 2).
There is a commutative diagram
Uij
βij
~~}}
}}
}}
}}
Y
γijoo
η
6
66
66
66
66
66
66
66
66
Ui
αi
  A
AA
AA
AA
A
X
ξ
//__________ P(1, 1, 2),
where ξi is a projection, αi is the blow up of Pi with weights (1, 1, 2), βij is the weighted blow
up with weights (1, 1, 2) of the proper transform of Pj on the variety Ui, γij is the weighted blow
up with weights (1, 1, 2) of the proper transform of Pk on the Uij , and η is an elliptic fibration,
where i 6= j and k 6∈ {i, j}.
Remark 9.1. The divisors −KUi and −KUij are nef and big.
There is a commutative diagram
Z
pi
 


 σ
$$I
II
II
II
II
X χ
//_______ P(1, 1, 3),
where χ is a projection, π is the blow up of Q with weights (1, 1, 1), and σ is an elliptic fibration.
Proposition 9.2. Either there is a commutative diagram
(9.3) X
ξ




ρ
//________ V
ν

P(1, 1, 2)
φ
//______ P2,
or there is a commutative diagram
(9.4) X
χ




ω //________ X
ρ
//______ V
ν

P(1, 1, 3)
υ
//_____________ P2,
where φ, ω and υ are birational maps.
Let us prove Proposition 9.2, which implies the claim of Theorem 1.10 for n = 9.
Lemma 9.5. Suppose that Q ∈ CS(X, 1
k
M). Then there is a commutative diagram 9.4.
Proof. Let B be the proper transform of M on Z. Then B ∼Q −kKX by Theorem 2.2, which
implies the equality S · C = 0, where S is a general surface of the linear system M, and C is a
general fiber of the morphism σ. Thus, the commutative diagram 9.4 exists. 
Lemma 9.6. The commutative diagram 9.3 exists whenever CS(X, 1
k
M) = {P1, P2, P3}.
Proof. See the proof of Lemma 9.5. 
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We may assume that CS(X, 1
k
M) ⊆ {P2, P3} by Theorem 3.5 and Lemma 3.14.
Lemma 9.7. The set CS(X, 1
k
M) contains the point P2.
Proof. Suppose that the set CS(X, 1
k
M) consists of the point P1. Let B be the proper transform
of the linear system M on the variety U1. Then B ∼Q −kKU1 by Theorem 2.2, and Lemma 2.1
implies that the set CS(U1,
1
k
B) is not empty.
Let Z be an element of the set CS(U1,
1
k
B), and G be the exceptional divisor of the birational
morphism α1. Then it follows from Lemmas 2.3 and 2.4 that Z is a singular point of G, which
is a quotient singularity of type 12(1, 1, 1) on the variety U1.
Let δ : W → U1 be the weighted blow up of the point Z with weights (1, 1, 1), D be the proper
transform of the linear system M on the variety W , and F be a general surface of the linear
system | −KW |. Then the inequality ∆
2 = −1/2 holds on F , but D|F ∼Q k∆ by Theorem 2.2,
which is impossible by Lemmas 2.10 and 2.8. 
Now we can apply the arguments of the proof of Lemma 9.7 to get a contradiction.
10. Case n = 10, hypersurface of degree 10 in P(1, 1, 1, 3, 5).
We use the notations and assumptions of Section 3. Let n = 10. Then X is a sufficiently gen-
eral hypersurface in P(1, 1, 1, 3, 5) of degree 10, the equality −K3X = 2/3 holds, the singularities
of the hypersurface X consist of the point O that is a quotient singularity of type 13(1, 1, 2).
It should be pointed out that X is birationally superrigid.
Proposition 10.1. The claim of Theorem 1.10 holds for n = 10.
There is a commutative diagram
W
α
wwppp
ppp
ppp
ppp
p
X
ξ
yytt
tt
tt
tt
tt
ψ
))T
TT
TT
TT
TT
TT Y
η~~}}
}}
}}
}
β
hhQQQQQQQQQQQQQQQQ
P(1, 1, 1, 3)
χ
//______________ P2,
where ξ, ψ and χ are projections, α is the weighted blow up of O with weights (1, 1, 1), β is the
weighted blow up with weights (1, 1, 1) of the singular point of W , and η is an elliptic fibration.
In the rest of the section we prove Proposition 10.1. Let Q be the unique singular point of
the variety W , D be the proper transforms of the linear system M on the variety W , and H be
the proper transforms of the linear system M on the variety Y .
Lemma 10.2. The set CS(X, 1
k
M) does not contains curves.
Proof. Suppose that CS(X, 1
k
M) contains a curve C. Then −KX · C = 1/3 by Lemma 2.4,
which implies that the curve C is contracted by the rational map ψ to a point.
There is a curve Z on the variety X such that Z 6= C, but ξ(Z) = ξ(C). Let S be a general
surface of the linear system | −KX | that passes through C and Z. Then Z
2 < 0 on the normal
surface S, butM|S ∼Q kC + kZ, which is impossible by Lemmas 2.8 and 2.10. 
The set CS(X, 1
k
M) consists of the point O by Theorem 3.5, the set CS(W, 1
k
D) contains the
point Q by Lemmas 2.1 and 2.3, but H ∼Q −kKY by Theorem 2.2, which implies that H is
contained in the fibers of η. The claim of Proposition 10.1 is proved.
11. Case n = 12, hypersurface of degree 10 in P(1, 1, 2, 3, 4).
We use the notations and assumptions of Section 3. Let n = 12. Then X is a general hyper-
surface in P(1, 1, 2, 3, 4) of degree 10, whose singularities consist of the points P1 and P2 that
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are singularities of type 12 (1, 1, 1), the point P3 that is a singularity of type
1
3(1, 1, 2), and the
point P4 that is a singularity of type
1
4(1, 1, 3). There is a commutative diagram
Y
γ5
}}{{
{{
{{
{{ γ3
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U34
β4
}}||
||
||
|| β3
!!B
BB
BB
BB
B
U45
β5}}||
||
||
||
P(1, 1, 2),
U3
α3
!!C
CC
CC
CC
C
U4
α4
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where ψ is a projection, α3 is the weighted blow up of P3 with weights (1, 1, 2), α4 is the weighted
blow up of P4 with weights (1, 1, 3), β4 is the weighted blow up with weights (1, 1, 3) of the proper
transform of the point P4 on U3, β3 is the weighted blow up with weights (1, 1, 2) of the proper
transform of the point P3 on U4, β5 is the weighted blow up with weights (1, 1, 2) of the singular
point of U4 that is contained in the exceptional divisor of α4, γ3 is the weighted blow up with
weights (1, 1, 2) of the proper transform of the point P3 on the variety U45, γ5 is the weighted
blow up with weights (1, 1, 2) of the singular point of U34 that is contained in the exceptional
divisor of the morphism β4, and η is an elliptic fibration.
Proposition 11.1. The claim of Theorem 1.10 holds for n = 12.
In the rest of this sectiop we prove Proposition 11.1.
Remark 11.2. The divisors −KU3 , −KU4 , −KU34 and −KU45 are nef and big.
It follows from Theorem 3.5 and Lemma 3.14 that CS(X, 1
k
M) ⊆ {P1, P2, P3, P4}.
Lemma 11.3. The set CS(X, 1
k
M) does not contain P1 and P2.
Proof. Suppose that P1 ∈ CS(X,
1
k
M). Let π : W → X be the weighted blow up of the singular
point P1 with weights (1, 1, 1), B be the proper transform of M on W , S be a general surface
of the pencil | −KW |, and Z be the base curve of the pencil | −KW |. Then Z
2 = −1/24 on the
surface S, but B|S ∼Q kZ, which contradicts Lemmas 2.10 and 2.8. 
Let D3, D4, D34 and D45 be the proper transforms ofM on U3, U4, U34 and U45 respectively,
then it follows from Lemma 2.1 that CS(Uµ,
1
k
Dµ) 6= ∅ in the case when Dµ ∼Q −kKUµ .
Lemma 11.4. Suppose that the set CS(X, 1
k
M) contains the point P4. Let P¯3 be the proper
transform of the point P3 on the variety U4, and P¯5 be the singular point of the variety U4 that
dominates the point P4. Then D4 ∼Q −kKU4 and CS(U4,
1
k
D4) ⊆ {P¯3, P¯5}.
Proof. Suppose that CS(U4,
1
k
D4) 6⊆ {P¯3, P¯5}. Let C be an element of CS(U4,
1
k
D4) different from
the points P¯3 and P¯5. Then α4(C) = P4, which contradicts Lemma 2.3 and Corollary 2.9. 
Lemma 11.5. Suppose that the set CS(X, 1
k
M) contains the point P3. Let P¯4 be the proper
transform of the point P4 on the variety U3. Then D3 ∼Q −kKU3 and CS(U3,
1
k
D3) = {P¯4}.
Proof. See the proof of Lemma 9.7. 
It follows from Theorem 2.2 that either D34 ∼Q −kKU34 or D45 ∼Q −kKU45 . Let D be the
proper transform of the linear system M on the variety Y .
Lemma 11.6. Suppose that D34 ∼Q −kKU34 . Then D ∼Q −kKY .
Proof. Let F be the exceptional divisor of the morphism β3, G be the exceptional divisor of the
morphism β4, Pˇ5 be the singular point of the surface G, and Pˇ6 be the singular point of the
surface F . Then D ∼Q −kKY by Theorem 2.2 if the set CS(U34,
1
k
D34) contains the point Pˇ5.
Suppose that Pˇ5 6∈ CS(U34,
1
k
D34). Then Pˇ6 ∈ CS(U34,
1
k
D34) by Lemmas 2.1 and 2.3.
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Let π : W → U34 be the weighted blow up of the point Pˇ6 with weights (1, 1, 1), B be the
proper transform of the linear system M on the variety W , and S be a general surface of the
linear system | −KW |. Then the base locus of | −KW | consists of the irreducible curve ∆ such
that B|S ∼Q k∆, but ∆
2 < 0 holds on S, which contradicts Lemmas 2.10 and 2.8. 
The proof of Lemma 11.6 implies that D ∼Q −kKY whenever D45 ∼Q −kKU45 , but it follows
from the equivalence D ∼Q −kKY that the linear system D lies in the fibers of the elliptic
fibrations η. Hence, the claim of Proposition 11.1 is proved.
12. Case n = 13, hypersurface of degree 11 in P(1, 1, 2, 3, 5).
We use the notations and assumptions of Section 3. Let n = 13. Then X is a sufficiently
general hypersurface in P(1, 1, 2, 3, 5) of degree 11, the singularities of the hypersurface X consist
of the point P1 that is a quotient singularity of type
1
2(1, 1, 1), the point P2 that is a singularity
of type 13(1, 1, 2), the point P3 that is a singularity of type
1
5(1, 2, 3), and −K
3
X = 11/30.
Proposition 12.1. The claim of Theorem 1.10 holds for n = 13.
Let us prove Proposition 12.1. There is a commutative diagram
Y
γ4
}}{{
{{
{{
{{ γ2
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U23
β3
}}||
||
||
|| β2
!!B
BB
BB
BB
B
U34
β4}}||
||
||
||
P(1, 1, 2),
U2
α2
!!C
CC
CC
CC
C
U3
α3
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where ψ is a projection, α2 is the weighted blow up of P2 with weights (1, 1, 2), α3 is the weighted
blow up of P3 with weights (1, 2, 3), β3 is the weighted blow up with weights (1, 2, 3) of the proper
transform of the point P3 on the variety U2, β2 is the weighted blow up with weights (1, 1, 2) of
the proper transform of P2 on the variety U3, β4 is the weighted blow up with weights (1, 1, 2) of
the singular point of the variety U3 that is the quotient singularity of type
1
3 (1, 1, 2) contained
in the exceptional divisor of α3, γ2 is the weighted blow up with weights (1, 1, 2) of the proper
transform of P2 on the variety U34, γ4 is the weighted blow up with weights (1, 1, 2) of the
singular point of the variety U23 that is the quotient singularity of type
1
3(1, 1, 2) contained in
the exceptional divisor of the morphism β3, and η is an elliptic fibration.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that CS(X, 1
k
M) ⊆ {P2, P3}.
Lemma 12.2. The set CS(X, 1
k
M) contains the point P3.
Proof. Suppose that P3 6∈ CS(X,
1
k
M). Then CS(X, 1
k
M) = {P2}. Let D2 be the proper
transform of M on the variety U2. Then it follows from Theorem 2.2 that D2 ∼Q −kKU2 , but
the set CS(U2,
1
k
D2) is not empty by Lemma 2.1.
Let E be the exceptional divisor of the morphism α2. Then E can be identified with a cone
over the smooth rational curve in P3 of degree 3. Let Z be a subvariety of the variety U2 that is
contained in the set CS(U2,
1
k
D2). Then it follows from Lemmas 2.3 and 2.4 that Z is the vertex
of the cone E, which is a quotient singularity of type 12(1, 1, 1) on the variety U2.
Let π : W → U2 be the blow up of the point Z with weights (1, 1, 1), and S be a sufficiently
general surface of the pencil | −KW |. Then the base locus of the pencil | −KW | consists of an
irreducible curve ∆ such that ∆2 = −3/10 on the surface S, but B|S ∼Q k∆, where B is the
proper transform of M on W . We have B|S = k∆, which is impossible by Lemma 2.8. 
Lemma 12.3. The set CS(X, 1
k
M) contains the point P2.
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Proof. Suppose that CS(X, 1
k
M) does not contain the point P2. Then CS(X,
1
k
M) consists of the
point P3. Let D3 be the proper transform of M on U3. Then CS(U3,
1
k
D3) 6= ∅ by Lemma 2.1.
Let G be the exceptional divisor of the morphism α3, P4 be the singular point of G that is
a quotient singularity of type 13 (1, 1, 2) on the variety U3, and P5 be the singular point of the
surface G that is a quotient singularity of type 12 (1, 1, 1) on U3. Then G
∼= P(1, 2, 3), and it
follows from Lemma 2.3 that either CS(U3,
1
k
D3) = {P4}, or P5 ∈ CS(U3,
1
k
D3).
Suppose that the set CS(U3,
1
k
D3) contains the point P5. Let π : W → U3 be the weighted
blow up of P5 with weights (1, 1, 1), B be the proper transform of M on W , L be the curve on
the surface G that is contained in |OP(1, 2, 3)(1)|, L¯ be the proper transform of the curve L on
the variety W , and S be a general surface in | −KW |. Then B|S ∼Q k∆+ kL¯ by Theorem 2.2,
the base locus of | −KW | consists of the curves L¯ and ∆ such that α ◦ π(∆) is the base curve
of the pencil | −KX |. The equalities
∆2 = −5/6, L¯2 = −4/3, ∆ · L¯ = 1
hold on the surface S, which imply that the intersection form of the curves ∆ and L¯ on the
surface S is negatively defined. The latter is impossible by Lemmas 2.8 and 2.10.
Hence, the set CS(U3, λD3) consists of the point P4. Let D34 be the proper transform of
the linear system M on the variety U34. Then CS(U34,
1
k
D34) 6= ∅ by Lemma 2.1, because the
equivalence D34 ∼Q −kKU34 holds by Theorem 2.2.
Let E be the exceptional divisor of the morphism β4, and P6 be the singular point of the
surface E. Then E ∼= P(1, 1, 3), the point P6 is a quotient singularity of type
1
2(1, 1, 1) on the
variety U34, and P6 ∈ CS(U34,
1
k
D34) by Lemma 2.3.
Let ζ : Z → U34 be the weighted blow up of P6 with weights (1, 1, 1), H be the proper
transform of M on Z, and F be a general surface of the pencil | −KZ |. Then the base locus of
the pencil | −KZ | consists of irreducible curves Lˇ and ∆ˇ such that the equalities
∆ˇ2 = −5/6, Lˇ2 = −3/2, ∆ˇ · Lˇ = 1
hold on F . Thus, the intersection form of the curves ∆ˇ and Lˇ on the surface F is negatively
defined, but H|F ∼Q k∆ˇ + kLˇ by Theorem 2.2, which contradicts Lemmas 2.8 and 2.10. 
Let D23 be the proper transform of M on U23. Then CS(U23,
1
k
D23) 6= ∅ by Lemma 2.1.
Remark 12.4. The proof of Lemma 12.2 implies that the set CS(U23,
1
k
D23) does no contain the
singular point of the variety U23 that is contained in the exceptional divisor of β2, but the proof
of Lemma 12.3 implies that CS(U23,
1
k
D23) does not contain the singular point of U23 that is a
singularity of type 12(1, 1, 1) contained in the exceptional divisor of β3.
Therefore, the set CS(U23,
1
k
D23) contains the singular point the variety U23 that is a singu-
larity of type 13(1, 1, 2) contained in the β3-exceptional divisor, which implies that the proper
transform of M on the variety Y is contained in the fibers of η by Theorem 2.2.
13. Case n = 15, hypersurface of degree 12 in P(1, 1, 2, 3, 6).
We use the notations and assumptions of Section 3. Let n = 15. Then X is a sufficiently
general hypersurface in P(1, 1, 2, 3, 6) of degree 12, the equality −K3X = 1/3 holds, and the
singularities of the hypersurface X consist of the points P1 and P2 that are quotient singularities
of type 12(1, 1, 1), and the points P3 and P4 that are quotient singularities of type
1
3(1, 1, 2).
There is a commutative diagram
Y
γ
 


 δ
  @
@@
@@
@@
@
η
,,ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U
α
?
??
??
??
? W
β~~ ~
~~
~~
~~
P(1, 1, 2),
X
ψ
22ddddddddddddddddddddddd
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where ψ is a projection, α is the weighted blow up of the point P3 with weights (1, 1, 2), β is the
weighted blow up of P4 with weights (1, 1, 2), γ is the weighted blow up with weights (1, 1, 2) of
the proper transform of P4 on the variety U , δ is the weighted blow up with weights (1, 1, 2) of
the proper transform of the point P3 on the variety W , and η is an elliptic fibration.
Proposition 13.1. The claim of Theorem 1.10 holds for n = 15.
Proof. We have CS(X, 1
k
M) ⊆ {P3, P4} by Theorem 3.5, Proposition 3.7 and Lemma 3.14.
Let H be the proper transform of the linear system M on the variety Y . To conclude the
proof we must show that H lies in the fibers of the morphism η, which easily follows from the
condition CS(X, 1
k
M) = {P3, P4} by Theorem 2.2. We may assume that P4 6∈ CS(X,
1
k
M).
Let B be the proper transform ofM on U , and Q be the singular point of U that is contained
in the exceptional divisor of the morphism α. Then B ∼Q −kKU by Theorem 2.2, and it follows
from Lemmas 2.1 and 2.3 that the set CS(U, 1
k
B) contains the singular point Q.
Let ζ : Z → U be the weighted blow up of the point Q with weights (1, 1, 1), D be the proper
transform of M on the threefold Z, and S be a general surface in | −KZ |. Then the base locus
of the pencil |−KZ | consists of an irreducible curve ∆ such that ∆
2 < 0 on the surface S, which
is impossible by Lemmas 2.10 and 2.8, because D|S ∼Q −k∆ by Theorem 2.2. 
14. Case n = 16, hypersurface of degree 12 in P(1, 1, 2, 4, 5).
We use the notations and assumptions of Section 3. Let n = 16. Then X is a sufficiently
general hypersurface in P(1, 1, 2, 4, 5) of degree 12, the equality −K3X = 3/10 holds, and the sin-
gularities of the hypersurfaceX consist of the points P1, P2 and P3 that are quotient singularities
of type 12(1, 1, 1), and the point P4 that is a quotient singularity of type
1
5 (1, 1, 4).
Proposition 14.1. The claim of Theorem 1.10 holds for n = 16.
Let us prove Proposition 14.1. There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 1, 2)
where ψ is the natural projection, α is the weighted blow up of P4 with weights (1, 1, 4), β is the
weighted blow up with weights (1, 1, 3) of the singular point of the variety U that is contained
in the exceptional divisor of α, γ is the weighted blow up with weights (1, 1, 2) of the singular
point of W that is contained in the exceptional divisor of β, and η is an elliptic fibration.
Remark 14.2. The divisors −KU and −KW are nef and big.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that CS(X, 1
k
M) consists of
the point P4. Let G be the exceptional divisor of the morphism α, P¯5 be the singular point of
the surface G, and D be the proper transform of M on the variety U . Then G is a cone over a
smooth rational curve of degree 4, and P¯5 is a singularity of type
1
4 (1, 1, 3) on the variety U .
We see that D ∼Q −kKU by Theorem 2.2 and CS(U,
1
k
D) 6= ∅ by Lemma 2.1.
Lemma 14.3. The set CS(U, 1
k
D) consists of the point P¯5.
Proof. Suppose that the set CS(U, 1
k
D) contains a subvariety C of the variety U that is different
from the point P¯5. Then it follows from Lemma 2.3 that C is a ruling of the cone G, which is
impossible by Corollary 2.9. 
LetH be the proper transform ofM onW . Then it follows from Theorem 2.2 and Lemmas 2.1
and 2.3 that the set CS(W, 1
k
H) contains the singular point of the variety W that is contained
in the exceptional divisor of β. Therefore, the proper transform of the linear system M on the
variety Y lies in the fibers of the morphism η by Theorem 2.2.
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15. Case n = 17, hypersurface of degree 12 in P(1, 1, 3, 4, 4).
We use the notations and assumptions of Section 3. Let n = 17. Then X is a general hyper-
surface in P(1, 1, 3, 4, 4) of degree 12, whose singularities consist of the points P1, P2 and P3 that
are singularities of type 14(1, 1, 3). There is a commutative diagram
Z
pi
 


 ω
$$I
II
II
II
II
X
ψ
//_______ P(1, 1, 3),
where ψ is a projection, π is a composition of the weighted blow ups of P1, P2 and P3 with
weights (1, 1, 3), and ω is and elliptic fibration. There is a commutative diagram
Yi
βi
~~
~~
~~
~
ηi
  B
BB
BB
BB
BB
BB
BB
BB
BB
BB
B
Ui
αi
?
??
??
??
?
X
ξi
//______ P(1, 1, 4),
where ξi is a projection, αi is the blow up of Pi with weights (1, 1, 3), βi is the weighted blow
up with weights (1, 1, 2) of the singular point the variety Ui that is contained in the exceptional
divisor of the morphism αi, and ηi is an elliptic fibration.
Proposition 15.1. Either there is a commutative diagram
(15.2) X
ψ




ρ
//________ V
ν

P(1, 1, 3)
φ
//______ P2,
or there is a commutative diagram
(15.3) X
ξi




σ //________ X
ρ
//______ V
ν

P(1, 1, 4)
υ
//_____________ P2
for some i ∈ {1, 2, 3}, where φ, σ and υ are birational maps.
Let us prove Proposition 15.1, which implies the claim of Theorem 1.10 for n = 17.
Remark 15.4. It easily follows from Theorem 2.2 that the commutative diagram 15.2 exists, if
the set CS(X, 1
k
M) contains the point P1, P2 and P3.
It follows from Theorem 3.5 and Lemma 3.14 that CS(X, 1
k
M) ⊆ {P1, P2, P3}, but we may
assume that the set CS(X, 1
k
M) contains the point P1 and does not contain the point P3.
Remark 15.5. The divisor −KU1 is nef and big.
Let D be the proper transform of the linear system M on the variety U1, P¯2 be the proper
transform of the point P2 on the variety U1, and P¯4 be the singular point of the variety U1 that
is contained in the exceptional divisor of α1. Then D ∼Q −kKU1 by Theorem 2.2, and it follows
from Lemma 2.1 that the set CS(U1,
1
k
D) is not empty.
Remark 15.6. It easily follows from Theorem 2.2 that the commutative diagram 15.3 exists in
the case when the set CS(U1,
1
k
D) contains the point P¯4.
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Therefore, we may assume that CS(U1,
1
k
D) does not contain the point P¯4. Hence, it follows
from the proof of Lemma 9.7 that CS(U1,
1
k
D) does not contains subvarieties of U1 that are
contained in the exceptional divisor of α1. Thus, the set CS(U1,
1
k
D) contains P¯3.
Let γ : W → U1 be the weighted blow up of the point P¯
3 with weights (1, 1, 3), B is the proper
transform of M on the variety W , S be a general surface of in | − KW |, and C be the base
curve of the pencil | −KW |. Then B ∼Q −kKW by Theorem 2.2, the curve C is irreducible, the
inequality C2 = −1/24 holds on the normal surface S, and the equivalence B|S ∼Q kC holds,
which is impossible by Lemmas 2.10 and 2.8. The claim of Proposition 15.1 is proved.
16. Case n = 19, hypersurface of degree 12 in P(1, 2, 3, 3, 4).
We use the notations and assumptions of Section 3. Let n = 19. Then X is a general
hypersurface in P(1, 2, 3, 3, 4) of degree 12, the singularities of the hypersurface X consist of the
points O1, O2, O3 that are quotient singularities of type
1
2(1, 1, 1), the points P1, P2, P3, P4 that
are quotient singularities of type 13 (1, 1, 2), and the equality −K
3
X = 1/6 holds.
It follows from Example 1.7 that for every i ∈ {1, 2, 3, 4} there is a commutative diagram
Ui
pii
 


 ηi
$$I
II
II
II
II
X
ξi
//_______ P(1, 2, 3),
where ξi is a projection, πi is the blow up of Pi with weights (1, 1, 2), and ηi is an elliptic fibration.
Proposition 16.1. There is a commutative diagram
(16.2) X
ξi




ρ
//________ V
ν

P(1, 2, 3)
σ
//______ P2
for some i ∈ {1, 2, 3, 4}, where σ is a birational map.
Proof. The set CS(X, 1
k
M) contains the point Pi for some i ∈ {1, 2, 3, 4}. Let D be the proper
transform of the linear systemM on the variety Ui. Then D ∼Q −kKUi by Theorem 2.2, which
implies the existence of the commutative diagram 16.2. 
17. Case n = 20, hypersurface of degree 13 in P(1, 1, 3, 4, 5).
We use the notations and assumptions of Section 3. Let n = 20. Then X is a general hyper-
surface in P(1, 1, 3, 4, 5) of degree 13, the equality −K3X = 13/60 holds, and the singularities of
the hypersurface X consist of the point P1 that is a singularity of type
1
3(1, 1, 2), the point P2
that is a singularity of type 14(1, 1, 3), and the point P3 that is a singularity of type
1
5(1, 1, 4).
There is a commutative diagram
Y
γ4
}}{{
{{
{{
{{ γ2
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U23
β3
}}||
||
||
|| β2
!!B
BB
BB
BB
B
U34
β4}}||
||
||
||
P(1, 1, 3),
U2
α2
!!C
CC
CC
CC
C
U3
α3
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where ψ is a projection, α2 is the weighted blow up of P2 with weights (1, 1, 3), α3 is the weighted
blow up ofP3 with weights (1, 1, 4), β3 is the weighted blow up with weights (1, 1, 4) of the proper
transform of the point P3 on U2, β2 is the weighted blow up with weights (1, 1, 3) of the proper
27
transform of the point P2 on the variety U3, β4 is the weighted blow up with weights (1, 1, 3)
of the singular point of U3 that is contained in the exceptional divisor of α3, γ2 is the weighted
blow up with weights (1, 1, 3) of the proper transform of P2 on U34, γ4 is the weighted blow up
with weights (1, 1, 3) of the singular point of the variety U23 that is contained in the exceptional
divisor of the morphism β3, and η is an elliptic fibration.
Remark 17.1. The divisors −KU2 , −KU3 , −KU23 and −KU34 are nef and big.
There is a commutative diagram
Y
γ3
~~ ~
~~
~~
~~ γ1
  @
@@
@@
@@
@
ω
,,ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U1
α1
  @
@@
@@
@@
@
U3
α3
~~ ~
~~
~~
~~
P(1, 1, 4),
X
ξ
22ddddddddddddddddddddddd
where ξ is a projection, α1 is the blow up of P1 with weights (1, 1, 2), α3 is the weighted blow up
of the point P3 weights (1, 1, 4), γ3 is the weighted blow up with weights (1, 1, 4) of the proper
transform of P3 on the variety U1, γ1 is the weighted blow up with weights (1, 1, 2) of the proper
transform of the point P1 on the variety U3, and ω is an elliptic fibration.
Remark 17.2. The divisor −KU1 is nef and big.
In the rest of the section we prove the following result.
Proposition 17.3. Either there is a commutative diagram
(17.4) X
ψ




σ //________ X
ρ
//______ V
ν

P(1, 1, 3)
υ
//_____________ P2,
or there is a commutative diagram
(17.5) X
ξ




σ //________ X
ρ
//______ V
ν

P(1, 1, 4)
ζ
//_____________ P2,
where σ, υ and ζ are birational maps.
It follows from Theorem 3.5 and Lemma 3.14 that CS(X, 1
k
M) ⊆ {P1, P2, P3}.
Lemma 17.6. Suppose that {P1, P3} ⊆ CS(X,
1
k
M). Then the commutative diagram 17.5 exists.
Proof. Let B be the proper transform of the linear system M on the variety Y , and S be a
general surface in B. Then S ∼Q −kKY by Theorem 2.2. We see that S · C = 0, where C is a
general fiber of ω, which implies the existence of the commutative diagram 17.5. 
Lemma 17.7. The set CS(X, 1
k
M) does not contain the set {P1, P2}.
Proof. Suppose that {P1, P3} ⊆ CS(X,
1
k
M). Let π : W → U1 be the weighted blow up with
weights (1, 1, 3) of the proper transform of the point P2 on the variety U1, and B be the proper
transform of the linear system M on the variety W . Then B ∼Q −kKW by Theorem 2.2.
The linear system | −KW | is a pencil, the base locus of the pencil | −KW | is the irreducible
curve ∆ such that the curve α1 ◦π(C) is cut on the hypersurface X by the equations z = y = 0.
Let S be a sufficiently general surface of the linear system |−KW |, P¯3 be the proper transform
of the singular point P3 on the variety W , and P¯5 and P¯6 be other singular points of W such
that α1 ◦ π(P¯5) = P1 and α1 ◦ π(P¯6) = P2. Then P¯5 is a quotient singularity of type
1
2(1, 1, 1)
on the variety W , the point P¯6 is a quotient singularity of type
1
3 (1, 1, 2) on the variety W , the
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surface S is smooth outside of the points P¯3, P¯5 and P¯6, the singularities of the surface S in the
points P¯3, P¯5 and P¯6 are Du Val singularities of types A4, A1 and A2 respectively.
The equality ∆2 = −1/30 holds on the surface S, but the equivalence B|S ∼Q k∆ holds,
which implies that B|S = k∆. Now we can easily get a contradiction using Lemma 2.8. 
Lemma 17.8. The set CS(X, 1
k
M) is not consists of the point Pi.
Proof. Suppose that CS(X, 1
k
M) = {Pi}. Let D be the proper transform of M on Ui. Then
the equivalence D ∼Q −kKUi holds by Theorem 2.2. Moreover, it follows from Lemma 2.1 and
the proof of Lemma 9.7 that the set CS(Ui,
1
k
D) contains the singular point of Ui that is the
singular point of the exceptional divisor of the birational morphism αi.
Let π : W → Ui be the weighted blow up with weights (1, 1, i) of the singular point of the
variety Ui that is contained in the exceptional divisor of the morphism αi, and B be the proper
transform of the linear system M on the variety W . Then B ∼Q −kKW by Theorem 2.2.
Let S be a sufficiently general surface of the pencil | −KW |, and ∆ be the unique base curve
of the pencil |−KW |. Then the surface S is normal, but the curve ∆ is irreducible, rational and
smooth. Moreover, simple computations imply that the equality
∆2 =


− 9/20 i = 1,
− 1/30 i = 2,
0 i = 3,
holds on the surface S. However, we have the equivalence B|S ∼Q k∆, which implies (see the
proof of Lemma 17.7) that the curve αi ◦ π(∆) is contained in the set CS(X,
1
k
M) if i 6= 3.
Therefore, the equality i = 3 holds.
Let G be the exceptional divisor of α3, and P¯4 be the singular point of U3 that is contained in
divisor G. Then P¯ 4 is a quotient singularity of type 14(1, 1, 3) on the variety U3, and it follows
from Lemmas 2.3 and 2.4 that the set CS(U3,
1
k
D) consists of the singular point P¯4.
The variety W is the variety U34, and π is the morphism β4. Thus, the divisor −KW is nef
and big. Therefore, it follows from Lemmas 2.1 and 2.3 that the set CS(W, 1
k
B) contains the
singular point of the variety W that is contained in the exceptional divisor of the π.
Let µ : Z →W be the weighted blow up weights (1, 1, 2) of the singular point of the variety W
that is contained in the exceptional divisor of the morphism π, and P be the proper transform of
the linear systemM on the variety Z. Then the equivalence P ∼Q −kKZ holds by Theorem 2.2.
Let F be a sufficiently general surface of the pencil |−KZ |, and Γ be the unique base curve of
the pencil | −KZ |. Then the surface F is irreducible and normal, but the curve Γ is irreducible,
rational and smooth. The equality Γ2 = −1/24 holds on F , but P|S ∼Q kΓ, which easily leads
to a contradiction using Lemmas 2.8 and 2.10. 
To conclude the proof of Proposition 17.3 we may assume that CS(X, 1
k
M) = {P2, P3}.
Let D be the proper transform of M on U23. Then D ∼Q −kKU23 by Theorem 2.2, and it
follows from Lemmas 2.1 and 2.3 that the set CS(U23,
1
k
D) contains either the singular point of
the variety U23 that is contained in the exceptional divisor of the morphism β3, or the singular
point of the variety U23 that is contained in the exceptional divisor of β2.
Lemma 17.9. The set CS(U23,
1
k
D) does not contain the singular point of the variety U23 that
is contained in the exceptional divisor of the morphism β2.
Proof. Let E be the exceptional divisor of the morphism β2, and P¯6 be the singular point of the
surface E. Then P¯6 is a quotient singularity of type
1
3(1, 1, 2) on U23.
Suppose that the set CS(U23,
1
k
D) contains P¯6. Let π : W → U23 be the weighted blow up
of the point P¯6 with weights (1, 1, 2), B be the proper transform of M on W , S be a general
surface of the pencil | −KW |, and ∆ be the base curve of the pencil | −KW |. Then S is normal,
the curve ∆ is irreducible, and B|S ∼Q k∆ by Theorem 2.2, but the equality ∆
2 = −1/24 holds
on the surface S, which contradicts Lemmas 2.10 and 2.8. 
Hence, the set CS(U23,
1
k
D) contains the singular point of the variety U23 that is contained in
the exceptional divisor of the morphism β3. Thus, the existence of the commutative diagram 17.5
is easily implied by Theorem 2.2. The claim of Proposition 17.3 is proved.
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18. Case n = 23, hypersurface of degree 14 in P(1, 2, 3, 4, 5).
We use the notations and assumptions of Section 3. Let n = 23. Then X is a sufficiently
general hypersurface in P(1, 2, 3, 4, 5) of degree 14, the singularities of the hypersurfaceX consist
of the points P1, P2, and P3 that are quotient singularities of type
1
2 (1, 1, 1), the point P4 that is a
quotient singularity of type 13(1, 1, 2), the point P5 that is a quotient singularity of type
1
4(1, 1, 3),
the point P6 that is quotient singularity of type
1
5 (1, 2, 3), and the equality −K
3
X = 7/60 holds.
There is a commutative diagram
Y
β6
~~ ~
~~
~~
~~ β5
  @
@@
@@
@@
@
η
,,ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U5
α5
  @
@@
@@
@@
@
U6
α6
~~ ~
~~
~~
~~
P(1, 2, 3),
X
ψ
22ddddddddddddddddddddddd
where ψ is the natural projection, α5 is the weighted blow up of the singular point P5 with
weights (1, 1, 3), α6 is the weighted blow up of P6 with weights (1, 2, 3), β5 is the weighted blow
up with weights (1, 1, 3) of the proper transform of P5 on the variety U6, β6 is the weighted blow
up with weights (1, 2, 3) of the proper transform of P6 on U5, and η is an elliptic fibration.
In the rest of the section we prove the following result.
Proposition 18.1. The claim of Theorem 1.10 holds for n = 23.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that CS(X, 1
k
M) ⊆ {P5, P6}.
Lemma 18.2. The set CS(X, 1
k
M) contains the point P6.
Proof. Suppose that CS(X, 1
k
M) does not contain P6. Then the set CS(X,
1
k
M) consists of the
point P5. Let D5 be the proper transform of M on U5. Then D5 ∼Q −kKU5 by Theorem 2.2,
but the set CS(U5,
1
k
D5) is not empty by Lemma 2.1.
Let P¯7 be the singular point of the variety U5 that is contained in the exceptional divisor of
the morphism α5. Then the point P¯7 is a quotient singularity of type
1
3(1, 1, 2) on U5, and it
follows from Lemma 2.3 that CS(U5,
1
k
D5) contains P¯7. Let π : U → U5 be the weighted blow
up of the point P¯7 with weights (1, 1, 3). Then the linear system | − 2KU | is a proper transform
of the pencil | − 2KX |, and the base locus of the pencil | − 2KU | consists of a single irreducible
curve Z such that α5 ◦ π(Z) is the unique base curve of the pencil | − 2KX |.
Let S be a sufficiently general surface of the pencil | − 2KU |. Then the surface S is normal,
the surface S contains the curve Z, and the inequality Z2 < 0 holds on the surface S, because
the inequality −K3U < 0 holds. However, the equivalence B|S ∼Q kZ holds by Theorem 2.2,
where B is the proper transform of M on W . It follows from Lemma 2.10 that
Supp(S) ∩ Supp(D) = Supp(Z),
where D is a sufficiently general surface of the linear system B, which contradicts Lemma 2.8,
because the linear system B is not composed from a pencil. 
It easily follows from Theorem 2.2 that the claim of Theorem 1.10 holds for X whenever the
set CS(X, 1
k
M) contains the points P5 and P6. So, we may assume that P5 6∈ CS(X,
1
k
M).
Let D6 be the proper transform of M on U6. Then D6 ∼Q −kKU6 by Theorem 2.2, which
implies that the set CS(U6,
1
k
D6) is not empty by Lemma 2.1. Let P¯7 and P¯8 be the singular
points of the variety U6 that are quotient singularities of types
1
3(1, 1, 2) and
1
2(1, 1, 1) contained
in the exceptional divisor of the morphism α6 respectively. Then the set CS(U6,
1
k
D6) contains
either the point P¯7, or the point P¯8 by Lemma 2.3.
Lemma 18.3. The set CS(U6,
1
k
D6) does not contain the point P¯7.
Proof. Suppose that P¯7 ∈ CS(U6,
1
k
D6). Let γ : W → U6 be the weighted blow up of P¯7 with
weights (1, 1, 2), and S be a general surface of in | − 2KW |. Then the surface S is irreducible
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and normal, the linear system | − 2KW | is the proper transform of the pencil | − 2KX |, and the
base locus of the pencil | − 2KW | consists of the irreducible curve ∆ such that the equality
∆2 = −2K3W = −
1
6
holds on the surface S. Moreover, the equivalence B|S ∼Q k∆ holds, where B is the proper
transform of M on W , which contradicts Lemmas 2.10 and 2.8. 
Therefore, the set CS(U6,
1
k
D6) contains the point P¯8.
Remark 18.4. The linear system |−3KU6 | is the proper transform of the linear system |−3KX |,
the base locus of the linear system |−3KU6 | consists of the irreducible fiber of ψ ◦α6 that passes
through the singular point P¯8.
Let π : U → U6 be the weighted blow up of the point P¯8 with weights (1, 1, 1), F be the
exceptional divisor of the morphism π, D be the proper transform of the linear system M on
the variety U , and H be the proper transform of the linear system | − 3KU6 | on U . Then
D ∼Q −kKU ∼Q π
∗
(
− kKU6
)
−
k
2
F
by Theorem 2.2. The simple computations imply that
H ∼Q π
∗
(
− 3KU6
)
−
1
2
F,
and the base locus of H consists of the irreducible curve Z such that α6 ◦π(Z) is the base curve
of the linear system | − 3KX |. Moreover, the equality S · Z = 1/12 holds, where S is a general
surface of the linear system H.
Let D1 and D2 be general surfaces of the linear system D. Then
−k2/4 =
(
π∗
(
− 3KU6
)
−
1
2
F
)
·
(
π∗
(
− kKU6
)
−
k
2
F
)2
=
(
π∗
(
− 3KU6
)
−
1
2
F
)
·D1 ·D2 > 0,
which is a contradiction. Hence, the claim of Proposition 18.1 is proved.
19. Case n = 25, hypersurface of degree 15 in P(1, 1, 3, 4, 7).
We use the notations and assumptions of Section 3. Let n = 25. Then X is a sufficiently
general hypersurface in P(1, 1, 3, 4, 7) of degree 15, the equality −K3X = 5/28 holds, and the
singularities of X consist of the point P1 that is a quotient singularity of type
1
4(1, 1, 3), and the
point P2 that is a quotient singularity of type
1
7 (1, 3, 4).
Proposition 19.1. The claim of Theorem 1.10 holds for n = 25.
There is a commutative diagram
Y
γ3
}}{{
{{
{{
{{ γ1
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U12
β2
}}||
||
||
|| β1
!!B
BB
BB
BB
B
U23
β3}}||
||
||
||
P(1, 1, 3),
U1
α1
!!C
CC
CC
CC
C
U2
α2
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where ψ is a projection, α1 is the weighted blow up of P1 with weights (1, 1, 3), α2 is the
weighted blow up of P2 with weights (1, 3, 4), β2 is the weighted blow up with weights (1, 3, 4) of
the proper transform of P2 on U1, β1 is the weighted blow up with weights (1, 1, 3) of the proper
transform of the point P1 on the variety U2, β3 is the weighted blow up with weights (1, 1, 3) of
the singular point of the variety U2 that is a quotient singularity of type
1
4(1, 1, 3) contained in
the exceptional divisor of the morphism α2, γ1 is the weighted blow up with weights (1, 1, 3) of
the proper transform of P1 on U23, γ3 is the weighted blow up with weights (1, 1, 3) of the point
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of the variety U12 that is a quotient singularity of type
1
4 (1, 1, 3) contained in the exceptional
divisor of the morphism β2, and η is an elliptic fibration.
Remark 19.2. The divisors −KU1 , −KU2 , −KU12 and −KU23 are nef and big.
Let us prove Proposition 19.1. It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7
that CS(X, 1
k
M) ⊆ {P1, P2}. To conclude the proof of Proposition 19.1, we may assume that
the singularities of the log pair (X, 1
k
M) are canonical (see Remark 3.4).
Lemma 19.3. The set CS(X, 1
k
M) contains the point P2.
Proof. Suppose that the CS(X, 1
k
M) does not contain the point P2. Let D1 be the proper
transform of the M on the variety U1. Then CS(X,
1
k
M) = {P1}, and the set CS(U1,
1
k
D1) is
not empty by Lemma 2.1, because the equivalence D1 ∼Q −kKU1 holds by Theorem 2.2.
Let P5 be the singular point of the variety U1 that is contained in the exceptional divisor of
the morphism α1. Then the point P5 is a quotient singularity of type
1
3(1, 1, 2) on U1, and it
follows from Lemma 2.3 that CS(U1,
1
k
D1) contains the point P5.
Let π : W → U1 be the blow up of the point P5 with weights (1, 1, 2), and S be a sufficiently
general surface of the pencil | − KW |. Then the surface S is irreducible and normal, and the
base locus of the pencil | −KW | consists of the irreducible curve ∆ such that
∆2 = −K3W = −
1
14
on the surface S, but B|S ∼Q k∆, where B is the proper transform of the linear system M on
the variety W . Therefore, we have B|S = k∆, which implies that
Supp(S) ∩ Supp(D) = Supp(∆),
where D is a general surface in B. The latter contradicts Lemma 2.8. 
Let G be the exceptional divisor of α2, D2 be the proper transform of the linear systemM on
the variety U2, P¯1 be the proper transform of P1 on U2, and P¯3 and P¯4 are the singular points
of the variety U2 that are quotient singularities of types
1
4 (1, 1, 3) and
1
3 (1, 1, 2) contained in the
exceptional divisor G respectively. Then G ∼= P(1, 3, 4), the points P¯3 and P¯4 are singular points
of the surface G, and D2 ∼Q −kKU2 by Theorem 2.2. Hence, the set CS(U2,
1
k
D2) is not empty
by Lemma 2.1. Moreover, the proof of Lemma 19.3 implies that CS(U2,
1
k
D2) 6= {P¯1}.
Lemma 19.4. The set CS(U2,
1
k
D2) does not contain both points P¯3 and P¯4.
Proof. Suppose that {P¯3, P¯4} ⊆ CS(U2,
1
k
D2). Let π : W → U2 be a composition of the weighted
blow ups of the points P¯3 and P¯4 with weights (1, 1, 3) and (1, 1, 2) respectively, and B be the
proper transform of M on the variety W . Then B ∼Q −kKW by Theorem 2.2.
Let S be a general surface of the pencil |−KW |. Then the surface S is irreducible and normal,
but the base locus of the pencil | − KW | consists of the irreducible curves C and L such that
the curve α2 ◦ π(C) is the unique base curve of the pencil | −KX |, the curve π(L) is contained
in the surface G, and π(L) is the unique curve in |OP(1, 3, 4)(1)|. We have
B|S ∼Q −kKW |S ∼Q kS|S = kC + kL,
but the intersection form of L and C on S is negatively defined, and Lemma 2.10 implies that
Supp(S) ∩ Supp(D) = Supp(C) ∪ Supp(L),
where D is a general surface in B, which is impossible by Lemma 2.8. 
Thus, we have CS(U2,
1
k
D2) ( {P¯1, P¯3, P¯4} by Lemma 2.3. .
Lemma 19.5. The set CS(U2,
1
k
D2) contains either the point P¯1, or the point P¯4.
Proof. Suppose that the set CS(U2,
1
k
D2) does not contain neither the singular point P¯1, nor the
singular point P¯4. Then the set CS(U2,
1
k
D2) consists of the point P¯3.
The linear system | −KU2 | is the proper transform of the pencil | −KX |, and the base locus
of the pencil | −KU2 | consists of the irreducible curves L and ∆ such that α2(∆) is the unique
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base curve of the pencil | −KX |, the curve L is contained in the divisor G, the curve L is the
unique curve of the linear system |OP(1, 3, 4)(1)|.
Let P˜6 be the singular points of the variety U23 that is contained in the exceptional divisor
of β3, and D23 be the proper transform of M on U23. Then D23 ∼Q −kKU23 by Theorem 2.2,
and it follows from Lemmas 2.1 and 2.3 the the set CS(U23,
1
k
D23) contains the point P˜6 that is
a quotient singularity of type 13 (1, 1, 2) on the variety U23.
Let π : W → U23 be the weighted blow up of P˜6 with weights (1, 1, 2), D be the proper
transform of M on the variety W , and L¯ and ∆¯ be the proper transforms of L and ∆ on the
variety W respectively. Then D ∼Q −kKW by Theorem 2.2, the pencil | −KW | is the proper
transform of the pencil | −KU2 |, and the base locus of | −KW | consists of L¯ and ∆¯.
Let S be a general surface of the pencil |−KW |. Then the surface S is irreducible and normal,
the equivalence D|S ∼Q k∆¯ + kL¯ holds, but the equalities
∆¯2 = −7/12, L¯2 = −5/6, ∆¯ · L¯ = 2/3
hold on the surface S. Therefore, the intersection form of the curves ∆¯ and L¯ on normal the
surface S is negatively defined, which contradicts Lemmas 2.10 and 2.8. 
The hypersurface X can be given by the equation
w2y + wt2 + wtf4(x, y, z) + wf8(x, y, z) + tf11(x, y, z) + f15(x, y, z) = 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 1, wt(z) = 3, wt(t) = 4, wt(w) = 7, and fi(x, y, t) is a sufficiently
general quasihomogeneous polynomial of degree i.
Remark 19.6. Suppose that the set CS(U2,
1
k
D2) contains both points P¯1 and P¯3. Then the
claim of Theorem 2.2 easily implies the existence of the commutative diagram
X
ψ




ρ
//________ V
ν

P(1, 1, 3)
ζ
//______ P2,
where ζ is a birational map.
Therefore, we may assume that set CS(U2,
1
k
D2) does not contains both points P¯1 and P¯3.
Lemma 19.7. The set CS(U2,
1
k
D2) contains the point P¯1.
Proof. Suppose that P¯1 6∈ CS(U2,
1
k
D2). Then CS(U2,
1
k
D2) = {P¯4}.
Let π : W → U2 be the weighted blow up of the point P¯4 with weights (1, 1, 2), E be the
exceptional divisor of the morphism π, and G¯ and B be proper transforms of the divisor G and
the linear system M on the variety W respectively. Then it follows from Theorem 2.2 that the
equivalence B ∼Q −kKW holds, but the proof of Lemma 19.5 implies that the set CS(W,
1
k
B)
does not contain the singular point of the varietyW that is contained in the exceptional divisor of
the morphism π. Therefore, the singularities of the log pair (W, 1
k
B) are terminal by Lemma 2.3.
Let Sx, Sy, Sz, St and Sw be proper transforms on the variety W of the surfaces that are cut
on the variety X by the equations x = 0, y = 0, z = 0, t = 0 and w = 0 respectively. Then
(19.8)


Sx ∼Q (α2 ◦ π)
∗(−KX)−
3
7
E −
1
7
G¯,
Sy ∼Q (α2 ◦ π)
∗(−KX)−
10
7
E −
8
7
G¯,
Sz ∼Q (α2 ◦ π)
∗(−3KX)−
2
7
E −
3
7
G¯,
St ∼Q (α2 ◦ π)
∗(−4KX )−
5
7
E −
4
7
G¯,
Sw ∼Q (α2 ◦ π)
∗(−7KX).
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The base locus of the pencil | −KW | consists of the irreducible curves C and L such that the
curve α2 ◦ π(C) is cut by the equations x = y = 0 on the hypersurface X, the curve π(L) is
contained in the surface G, and the curve π(L) is contained in the linear system |OP(1, 3, 4)(1)|.
The equivalences 19.8 implies that the rational functions y/x, zy/x4, ty/x5 and wy3/x10 are
contained in the linear system |aSx|, where a = 1, 4, 5 and 10 respectively. Therefore, the linear
system | − 20KW | induces the birational map χ : W 99K X
′, where X ′ is a hypersurface with
canonical singularities in P(1, 1, 4, 5, 10) of degree 20. In particular, the divisor −KW is big.
It follows from [13] that there is a composition of antiflips ζ : W 99K Z such that the rational
map ζ is regular outside of C ∪ L, and the divisor divisor −KZ is nef. Let P be the proper
transform of the linear systemM on Z. Then the singularities of log pair (Z, 1
k
P) are terminal,
because ζ is a log-flop with respect to the log pair (W, 1
k
B), which has terminal singularities, but
it follows from Lemma 2.1 that the singularities of (Z, 1
k
P) are not terminal singularities. 
Hence, the set CS(U2,
1
k
D2) consists of the points P¯1 and P¯4.
Let π : W → U2 be a composition of the weighted blow ups of the points P¯1 and P¯4 with
weights (1, 1, 3) and (1, 1, 2) respectively, G¯ and B be the proper transforms of G andM on the
variety W respectively, and F and E be exceptional divisors of the morphism π that dominates
the points P¯1 and P¯4 respectively. Then the equivalence B ∼Q −kKW holds by Theorem 2.2,
but it follows from the proof of Lemma 19.5 that the singularities of (W, 1
k
B) are terminal.
Let Sx, Sy, Sz, St and Sw be the proper transforms on the variety W of the surfaces that are
cut on X by the equations x = 0, y = 0, z = 0, t = 0 and w = 0 respectively. Then

Sx ∼Q (α2 ◦ π)
∗(−KX)−
3
7
E −
1
7
G¯−
1
4
F ∼Q −KW ,
Sy ∼Q (α2 ◦ π)
∗(−KX)−
10
7
E −
8
7
G¯−
1
4
F,
Sz ∼Q (α2 ◦ π)
∗(−3KX )−
2
7
E −
3
7
G¯−
3
4
F,
St ∼Q (α2 ◦ π)
∗(−4KX)−
5
7
E −
4
7
G¯,
Sw ∼Q (α2 ◦ π)
∗(−7KX)−
11
4
F,
which imply that the rational functions y/x, zy/x4, twy4/x15 and wy3/x10 are contained in the
linear system |aSx|, where a = 1, 4, 15 and 10 respectively. The linear system |−60KW | induces
the birational map χ : W 99K X ′ such that the variety X ′ is a hypersurface in P(1, 1, 4, 10, 15)
of degree 30. In particular, the divisor −KW is big. Now we can obtain a contradiction in the
same was as in the proof of Lemma 19.7. The claim of Proposition 19.1 is proved.
20. Case n = 26, hypersurface of degree 15 in P(1, 1, 3, 5, 6).
We use the notations and assumptions of Section 3. Let n = 26. Then X is a sufficiently
general hypersurface in P(1, 1, 3, 5, 6) of degree 15, the equality −K3X = 1/6 holds, and the
singularities of the hypersurface X consist of the points P1 and P2 that are quotient singularities
of type 13(1, 1, 2), and the point P3 that is a quotient singularity of type
1
6(1, 1, 5).
There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 1, 3)
where ψ is a projection, α is the weighted blow up of P3 with weights (1, 1, 5), β is the weighted
blow up with weights (1, 1, 4) of the singular point of the variety U that is contained in the
exceptional divisor of the morphism α, γ is the weighted blow up with weights (1, 1, 3) of the
singular point of the variety W that is contained in the exceptional divisor of the morphism β,
and η is an elliptic fibration.
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There is a commutative diagram
Ui
σi
 


 ωi
$$I
II
II
II
II
X
ξi
//_______ P(1, 1, 6),
where ξi is a projection, σi is the weighted blow up of the point Pi with weights (1, 1, 2), and ωi
is an elliptic fibration, which is induced by the linear system | − 6KUi |.
It follows from [6] that the group Bir(X) is generated by biregular automorphisms of the
hypersurface X and a birational involution τ ∈ Bir(X) such that ψ ◦ τ = ψ and ξ1 ◦ τ = ξ2.
In the rest of the section we prove the following result.
Proposition 20.1. Either there is a commutative diagram
(20.2) X
ψ




ρ
//________ V
ν

P(1, 1, 3)
φ
//______ P2,
or there is a commutative diagram
(20.3) X
ξi




ρ
//________ V
ν

P(1, 1, 6)
σ
//______ P2,
where φ and σ are birational maps, and i = 1 or i = 2.
It follows from Theorem 3.5 and Lemma 3.14 that CS(X, 1
k
M) ⊆ {P1, P2, P3}.
Lemma 20.4. Suppose that Pi ∈ CS(X,
1
k
M). Then the commutative diagram 20.3 exists.
Proof. Let B be the proper transform of M on Ui. Then B ∼Q −kKUi by Theorem 2.2, which
implies the existence of the commutative diagram 20.3. 
Therefore, we may assume that the set CS(X, 1
k
M) consists of the point P3.
Let D be the proper transform of the linear systemM on the variety U , and P¯4 be the singular
point of U that is contained in the exceptional divisor of the morphism α. Then D ∼Q −kKU
by Theorem 2.2, and the set CS(U, 1
k
D) consists of the point P¯4 by Lemmas 2.3 and 2.4.
Let H be the proper transform ofM onW . ThenH ∼Q −kKW by Theorem 2.2, but it follows
from Lemmas 2.1 and 2.3 that CS(W, 1
k
H) contains the singular point of W that is contained in
the exceptional divisor of β. The existence of the diagram 20.2 follows from Theorem 2.2.
21. Case n = 27, hypersurface of degree 15 in P(1, 2, 3, 5, 5).
We use the notations and assumptions of Section 3. Let n = 27. Then X is a general hyper-
surface in P(1, 2, 3, 5, 5) of degree 15, whose singularities consist of the point O that is a singu-
larity of type 12 (1, 1, 1), and the points P1, P2 and P3 that are singularities of type
1
5(1, 2, 3).
There is a commutative diagram
Uij
βij
~~}}
}}
}}
}}
Y
γij
oo
η
6
66
66
66
66
66
66
66
66
Ui
αi
  A
AA
AA
AA
A
X
ψ
//__________ P(1, 2, 3),
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where ψ is a projection, αi is the blow up of Pi with weights (1, 2, 3), βij is the weighted blow
up with weights (1, 2, 3) of the proper transform of Pj on the variety Ui, γij is the weighted blow
up with weights (1, 2, 3) of the proper transform of Pk on Uij , and η is and elliptic fibration,
where i 6= j and k 6∈ {i, j}.
Proposition 21.1. The claim of Theorem 1.10 holds for n = 27.
Let us prove Proposition 21.1. It follows from Lemma 3.14 and Proposition 3.7 that
∅ 6= CS
(
X,
1
k
M
)
⊆ {P1, P2, P3}.
Remark 21.2. In the case CS(X, 1
k
M) = {P1, P2, P3}, the claim of Theorem 1.10 holds for the
hypersurface X by Theorem 2.2.
We may assume that the set CS(X, 1
k
M) contains P1 and does not contain P3.
Lemma 21.3. The set CS(X, 1
k
M) contains the point P2.
Proof. Suppose that CS(X, 1
k
M) does not contains the point P2. Then CS(X,
1
k
M) consists of
the point P1. Let D1 be the proper transform of M on U1. Then Theorem 2.2 implies that the
equivalence D1 ∼Q −kKU1 holds. The set CS(U1,
1
k
D1) is not empty by Lemma 2.1.
Let G be is the exceptional divisor of α1, and O and Q are the singular points of G that are
quotient singularities of types 13(1, 1, 2) and
1
2 (1, 1, 1) on U1 respectively. Then it follows from
the claim of Lemma 2.3 that CS(U1,
1
k
D1) contains either the point O, or the point Q.
The linear system | − 2KU1 | is a pencil, and the base locus of the pencil | − 2KU1 | consists of
the irreducible curve C such that the curve C passes through the point O, and C is contracted
by the rational map ψ ◦ α1 to a singular point of the surface P(1, 2, 3).
Suppose that the set CS(U1,
1
k
D1) contains the point O. Let π : W → U1 be the weighted
blow up of O with weights (1, 1, 2), B be the proper transform ofM on W , and C¯ be the proper
transform of C on W . Then B ∼Q −kKW by Theorem 2.2, the linear system | − 2KW | is the
proper transform of the pencil | − 2KU1 |, and the base locus of | − 2KW | consists of C¯.
Let S be a general surface in | − 2KW |. Then B|S ∼Q kC¯, but on the surface S, the strict
inequality C¯2 < 0 holds. We have Supp(S)∩ Supp(D) = Supp(C¯), where D is a general surface
of the linear system B, which is impossible by Lemma 2.8.
Hence, the set CS(U1,
1
k
D1) contains the point Q.
Let ζ : U → U1 be the weighted blow up of the point Q with weights (1, 1, 1), F be the
exceptional divisor of ζ, H be the proper transform of M on U , and P be the proper transform
of the linear system | − 3KU1 | on U . Then H ∼Q −kKU by Theorem 2.2, but
P ∼Q ζ
∗
(
− 3KU1
)
−
1
2
F,
and the base locus of P consists of the irreducible curve Z such that the curve α1 ◦ ζ(Z) is the
unique base curve of the linear system | − 3KX |. Therefore, we have(
ζ∗
(
− 3KU1
)
−
1
2
F
)
· Z =
1
10
,
which implies that
−
3k2
10
=
(
ζ∗
(
− 3KU1
)
−
1
2
F
)
·
(
ζ∗
(
− kKU1
)
−
k
2
F
)2
=
(
ζ∗
(
− 3KU1
)
−
1
2
F
)
·H1 ·H2 > 0,
where H1 and H2 are general surfaces of the linear system H. 
We have CS(X, 1
k
M) = {P1, P2}. Now we can apply the proof of Lemma 21.3 to the proper
transform of M on U12 to get a contradiction. The claim of Proposition 21.1 is proved.
22. Case n = 29, hypersurface of degree 16 in P(1, 1, 2, 5, 8).
We use the notations and assumptions of Section 3. Let n = 29. Then X is a sufficiently
general hypersurface in P(1, 1, 2, 5, 8) of degree 16, the equality −K3X = 1/5 holds, and the
singularities of the hypersurfaceX consist of the points O1 and O2 that are quotient singularities
of type 12(1, 1, 1), and the point P that is a quotient singularity of type
1
5 (1, 2, 3).
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The hypersurface X is birationally superrigid, and there is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 1, 2),
where ψ is the natural projection, α is the weighted blow up of P with weights (1, 2, 3), β is the
weighted blow up with weights (1, 1, 2) of the singular point of the variety U that is a quotient
singularity of type 13(1, 1, 2), and η is an elliptic fibration.
Proposition 22.1. The claim of Theorem 1.10 holds for n = 29.
Proof. LetD be the proper transform ofM on the variety U . ThenD ∼Q −kKU by Theorem 2.2,
because CS(X, 1
k
M) = {P} by Theorem 3.5, Lemma 3.14 and Proposition 3.7.
Let G is the α-exceptional divisor, and Q and O be the singular points of G that are singu-
larities of types 13 (1, 1, 2) and
1
2(1, 1, 1) respectively. Then it follows from Lemmas 2.1 and 2.3
that either the set CS(U, 1
k
D) consists of the point O, or the set CS(U, 1
k
D) contains Q.
Suppose that the set CS(U, 1
k
D) contains the point O. Let π : Y → U be the weighted blow
up of O with weights (1, 1, 1), H be the proper transform of M on Y , L be the curve on G that
is contained in |OP(1, 2, 3)(1)|, L¯ be the proper transform of L on Y , and S be a general surface
of the linear system | − KY |. Then H ∼Q −kKY by Theorem 2.2, and the base locus of the
pencil |−KY | consists of the curve L¯ and the irreducible curve ∆ such that α ◦π(∆) is the base
locus of the pencil | −KX |. Moreover, the equalities
∆2 = −1, L¯2 = −4/3, ∆ · L¯ = 1
holds on the surface S. The intersection form of the curves ∆ and L¯ on the surface S is negatively
defined. We have H|S ∼Q k∆+ kL¯, which contradicts Lemmas 2.8 and 2.10.
Therefore, the set CS(U, 1
k
D) contains the point Q. Let B be the proper transform of the
linear system M on the variety W . Then B ∼Q −kKW by Theorem 2.2, which implies that the
linear system B is contained in the fibers of the morphism η. 
23. Case n = 30, hypersurface of degree 16 in P(1, 1, 3, 4, 8).
We use the notations and assumptions of Section 3. Let n = 30. Then X is a sufficiently
general hypersurface in P(1, 1, 3, 4, 8) of degree 16, the equality −K3X = 1/6 holds, and the
singularities of X consist of the point O that is a quotient singularity of type 13(1, 1, 2), and the
points P1 and P2 that are singularities of type
1
4(1, 1, 3). There is a commutative diagram
Y
γ
 


 δ
  @
@@
@@
@@
@
η
,,ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U
α
?
??
??
??
? W
β~~ ~
~~
~~
~~
P(1, 1, 3),
X
ψ
22ddddddddddddddddddddddd
where ψ is the natural projection, α is the weighted blow up of P1 with weights (1, 1, 3), β is the
weighted blow up of P2 with weights (1, 1, 3), γ is the weighted blow up with weights (1, 1, 3) of
the proper transform of P2 on U , δ is the weighted blow up with weights (1, 1, 3) of the proper
transform of the point P1 on the variety W , and η is and elliptic fibration.
There is a commutative diagram
Z
ζ
 


 ω
$$I
II
II
II
II
X
ξ
//_______ P(1, 1, 4),
where ξ is a projection, ζ is the blow up of O with weights (1, 1, 2), and ω is an elliptic fibration.
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Proposition 23.1. Either there is a commutative diagram
(23.2) X
ψ




ρ
//________ V
ν

P(1, 1, 3)
φ
//______ P2,
or there is a commutative diagram
(23.3) X
ξ




θ //________ X
ρ
//______ V
ν

P(1, 1, 4)
σ
//_____________ P2,
where φ, θ and σ are birational maps.
Proof. Suppose that O ∈ CS(X, 1
k
M). Then the existence of the commutative diagram 23.3
follows from Theorem 2.2. Similarly, the existence of the commutative diagram 23.2 follows
from CS(X, 1
k
M) = {P1, P2} by Theorem 2.2. We may assume that CS(X,
1
k
M) consists of the
singular point P1 by Theorem 3.5, Proposition 3.7 and Lemma 3.14.
Let Q be the singular point of U such that α(Q) = P1, and B be the proper transform of the
linear system M on U . Then Q ∈ CS(U, 1
k
B) by Theorem 2.2 and Lemmas 2.1 and 2.3.
Let υ : U¯ → U be the weighted blow up of the point Q with weights (1, 1, 2), D be the proper
transform of the linear system M on the variety U¯ , and S be a sufficiently general surface of
the pencil | −KU¯ |. Then D ∼Q −kKU¯ by Theorem 2.2, the surface S is normal, and the base
locus of the pencil | −KU¯ | consists of the irreducible curve ∆ such that α ◦ υ(∆) is the unique
base curve of the pencil | −KX |. Moreover, the inequality ∆
2 < 0 holds on the surface S, but
the equivalence D|S ∼Q k∆ holds, which contradicts Lemmas 2.10 and 2.8. 
24. Case n = 31, hypersurface of degree 16 in P(1, 1, 4, 5, 6).
We use the notations and assumptions of Section 3. Let n = 31. Then X is a general hyper-
surface in P(1, 1, 2, 3, 4) of degree 10 and −K3X = 2/15. The singularities of X consist of the
points P1, P2 and P3 that are singularities of type
1
2 (1, 1, 1),
1
5(1, 1, 4) and
1
6 (1, 1, 5) respectively.
There is a commutative diagram
Y
γ4
}}{{
{{
{{
{{ γ2
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U23
β3
}}||
||
||
|| β2
!!B
BB
BB
BB
B
U34
β4}}||
||
||
||
P(1, 1, 4),
U2
α2
!!C
CC
CC
CC
C
U3
α3
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where ψ is a projection, α2 is the weighted blow up of P2 with weights (1, 1, 4), α3 is the weighted
blow up of P3 with weights (1, 1, 5), β3 is the weighted blow up with weights (1, 1, 5) of the proper
transform of P3 on U2, β2 is the weighted blow up with weights (1, 1, 4) of the proper transform
of the point P2 on the variety U3, β4 is the weighted blow up with weights (1, 1, 4) of the singular
point of the variety U3 that is contained in the exceptional divisor of the morphism α3, γ2 is the
weighted blow up with weights (1, 1, 4) of the proper transform of P2 on U34, γ4 is the weighted
blow up with weights (1, 1, 4) of the singular point of the variety U23 that is contained in the
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exceptional divisor of β3, and η is an elliptic fibration. There is a commutative diagram
U2
α2

W
β
oo
ω

X
ξ
//______ P(1, 1, 5),
where ξ is a projection, β is the weighted blow up with weights (1, 1, 3) of the singular point of
the variety U2 that is a quotient singularity of type
1
4(1, 1, 3), and ω is an elliptic fibration.
Proposition 24.1. Either there is a commutative diagram
(24.2) X
ψ




ρ
//________ V
ν

P(1, 1, 4)
φ
//______ P2,
or there is a commutative diagram
(24.3) X
ξ




θ //________ X
ρ
//______ V
ν

P(1, 1, 5)
σ
//_____________ P2,
where φ, θ and σ are birational maps.
Now we prove Proposition 24.1, which implies the claim of Theorem 1.10 for n = 31. It
follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that
∅ 6= CS
(
X,
1
k
M
)
⊆ {P2, P3}.
Let D2, D3, D23 and D34 be the proper transforms ofM on U2, U3, U23 and U34 respectively,
then it follows from Lemma 2.1 that the set CS(Uµ,
1
k
Dµ) is not empty, if Dµ ∼Q −kKUµ .
Lemma 24.4. Suppose that the set CS(X, 1
k
M) contains the point P3. Let P¯2 be the proper
transform of the point P2 on the variety U3, and P¯4 be the singular point of U3 that is contained
in the exceptional divisor of α3. Then D3 ∼Q −kKU3 and CS(U3,
1
k
D3) ⊆ {P¯2, P¯4}.
Proof. The equivalence D3 ∼Q −kKU3 follows from Theorem 2.2. Suppose that
CS
(
U3,
1
k
D3
)
6⊆ {P¯2, P¯4},
and let G be the exceptional divisor of α3. Then G ∼= P(1, 1, 5), and it follows from Lemma 2.3
that there is a curve C ⊂ G of the linear system |OP(1, 1, 5)(1)| that is contained in CS(U3,
1
k
D3),
which is impossible by Lemma 2.4. 
Lemma 24.5. Let P¯3 be the proper transform of P3 on U2. Suppose that CS(X,
1
k
M) contains
the point P2. Then either CS(U2,
1
k
D2) = {P¯3}, or the commutative diagram 24.3 exists.
Proof. The equivalence D2 ∼Q −kKU2 is implied by Theorem 2.2. Suppose that the set of
centers of canonical singularities CS(U2,
1
k
D2) does not consists of the point P¯3. Let P¯5 be the
singular point of U2 that is contained in the exceptional divisor of α2. Then P¯5 is a quotient
singularity of type 14(1, 1, 3) on U2, and CS(U2,
1
k
D2) contains P¯5 by Lemma 2.3.
Let B be the proper transform of M on the variety W . Then B ∼Q −kKW by Theorem 2.2,
which implies the existence of the commutative diagram 24.3. 
It follows from Theorem 2.2 that we may assume that either the equivalence D23 ∼Q −kKU23
holds, or the equivalence D34 ∼Q −kKU34 holds. Let D be the proper transform of M on Y .
Lemma 24.6. Suppose that D23 ∼Q −kKU23 . Then D ∼Q −kKY .
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Proof. Let F be the exceptional divisor of β2, G be the exceptional divisor of β3, Pˇ4 be the
singular point of G, and Pˇ5 be the singular point of F . Then the proof of Lemma 24.5 implies
that CS(U23,
1
k
D23) does not contain the point Pˇ5. Hence, it follows from Lemmas 2.3 and 2.1
that the set CS(U23,
1
k
D23) contains Pˇ4, which implies D ∼Q −kKY by Theorem 2.2. 
Lemma 24.7. Suppose that D34 ∼Q −kKU34 . Then D ∼Q −kKY .
Proof. Let G be the exceptional divisor of the morphism β4, Pˇ2 be the proper transform of the
point P2 on the variety U34, and Pˇ6 be the singular point of the surface G. Then G is a cone
over the smooth rational cubic curve, and Pˇ6 is a quotient singularity of type
1
3(1, 1, 2) on U34.
The set CS(U23,
1
k
D23) is not empty by Lemma 2.1, but the equivalence D ∼Q −kKY follows
from Theorem 2.2, if the set CS(U23,
1
k
D23) contains the point Pˇ2. Therefore, we may assume
that the set CS(U23,
1
k
D23) contains the point Pˇ6 by Lemma 2.3.
Let π : W → U34 be the weighted blow up of the point Pˇ6 with weights (1, 1, 3), B be the
proper transform of the linear systemM on the varietyW , and S be a sufficiently general surface
of the pencil | −KW |. Then the base locus of the pencil | −KW | consists of the irreducible the
curve ∆ such that the equivalence B|S ∼Q k∆ holds, and the inequality ∆
2 < 0 holds on the
surface S. It follows from Lemma 2.10 that B|S = k∆, which is impossible by Lemma 2.8. 
Hence, the equivalence D ∼Q −kKY holds, which implies the existence of the diagram 24.2.
25. Case n = 32, hypersurface of degree 16 in P(1, 2, 3, 4, 7).
We use the notations and assumptions of Section 3. Let n = 32. Then X is a sufficiently
general hypersurface in P(1, 2, 3, 4, 6) of degree 16, the equality −K3X = 2/21 holds, and the
singularities of the hypersurface X consist of the points P1, P2, P3 and P4 that are quotient
singularities of type 12(1, 1, 1), the point P5 that is a quotient singularity of type
1
3(1, 1, 2), and
the point P6 that is a singularity of type
1
7(1, 3, 4). There is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 2, 3),
where ψ is a projection, α is the weighted blow up of P6 with weights (1, 3, 4), β is the weighted
blow up with weights (1, 1, 3) of the singular point of the variety U that is a quotient singularity
of type 14(1, 1, 3) contained in the exceptional divisor of α, and η is an elliptic fibration.
Proposition 25.1. The claim of Theorem 1.10 holds for n = 32.
In the rest of the section we prove Proposition 25.1. It follows from Theorem 3.5, Lemma 3.14
and Proposition 3.7 that CS(X, 1
k
M) = {P6}.
Let E be the exceptional divisor of the morphism α, and D be the proper transform of the
linear system M on the variety U . Then E ∼= P(1, 3, 4), and it follows from Theorem 2.2 that
the equivalence D ∼Q −kKU holds, but the set CS(U,
1
k
D) is not empty by Lemma 2.1.
Let P7 and P8 be the singular points of the variety U contained in the divisor E that are
singularities of types 13(1, 1, 2) and
1
4(1, 1, 3) respecitvely.
Lemma 25.2. Suppose that P8 ∈ CS(X,
1
k
M). Then there is a commutative diagram
(25.3) X
ψ




ρ
//________ V
ν

P(1, 2, 3)
ζ
//______ P2,
where ζ is a birational map.
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Proof. Let H be the proper transform of the linear systemM on the variety Y . Then it follows
from Theorem 2.2 that the equivalence H ∼Q −kKY holds. Hence, the linear system H lies in
the fibers of the fibration η, which implies the existence of the commutative diagram 25.3. 
We may assume that CS(U, 1
k
D) = {P7} by Lemma 2.3.
Let γ : W → U be the weighted blow up of the point P7 with weights (1, 1, 2), F be the
exceptional divisor of the morphism γ, E¯ be the proper transform of the surface E on the
variety W , and B be the proper transform of M on W . Then F ∼= P(1, 1, 2) and B ∼Q −kKW .
The hypersurface X can be given by the quasihomogeneous equation
w2y + wf9(x, y, z, t) + f16(x, y, z, t) = 0 ⊂ P(1, 2, 3, 4, 7) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 4, wt(w) = 7, and f9 and f16 are quasihomo-
geneous polynomials of degree 9 and 16 respectively. Let S be the unique surface of the linear
system | −KX |, and D be a general surface of the pencil | − 2KX |. Then the surface S is cut
out by x = 0, and D is cut out by λx2 + µy = 0, where (λ, µ) ∈ P1. The surface D is normal,
and the base locus of the linear system | − 2KX | consists of the curve C such that C = D · S.
In the neighborhood of the point P6, the monomials x, z and t can be considered as a weighted
local coordinates on X such that wt(x) = 1, wt(z) = 3 and wt(z) = 4. Then in the neighborhood
of the singular point P6, the surface D can be given by equation
λx2 + µ
(
ǫ1x
9 + ǫ2zx
6 + ǫ3z
2x3 + ǫ4z
3 + ǫ5t
2x+ ǫ6tx
5 + ǫ7tzx
2 + · · ·
)
= 0,
where ǫi ∈ C. In the neighborhood of P7, the morphism α can be given by the equations
x = x˜z˜
1
7 , z = z˜
3
7 , t = t˜z˜
4
7 ,
where x˜, y˜ and z˜ are weighted local coordinates on the variety U in the neighborhood of the
singular point P7 such that wt(x˜) = 1, wt(z˜) = 2 and wt(t˜) = 1. Let D˜, S˜ and C˜ be the proper
transforms on U of the surface D, the surface S and the curve C respectively, and E be the
exceptional divisor of the morphism α. Then in the neighborhood of the singular point P7 the
surface E is given by the equation z˜ = 0, the surface D˜ is given by the vanishing of the function
λx˜2 + µ
(
ǫ1x˜
9z˜ + ǫ2z˜x˜
6 + ǫ3z˜x˜
3 + ǫ4z˜ + ǫ5t˜
2x˜z˜ + ǫ6t˜x˜
5z˜ + ǫ7t˜z˜x˜
2 + · · ·
)
,
and the surface S is given by the equation x˜ = 0.
In the neighborhood of the singular point of F , the morphism β can be given by the equations
x˜ = x¯z¯
1
3 , z˜ = z¯
2
3 , t˜ = t¯z¯
1
3 ,
where x¯, z¯ and t¯ are weighted local coordinates on the variety W in the neighborhood of the
singular point of the surface F such that wt(x¯) = wt(z¯) = wt(t¯) = 1. The surface F is given
by the equation z¯ = 0, the proper transform of the surface D on the variety W is given by the
vanishing of the analytical function
λx¯2 + µ
(
ǫ1x¯
9z¯3 + ǫ2z¯
2x¯6 + ǫ3z¯x¯
3 + ǫ4 + ǫ5t¯
2x¯z¯ + ǫ6t¯x¯
5z¯2 + ǫ7t¯z¯x¯
2 + · · ·
)
,
the proper transform of the surface S on the variety W is given by the equation x¯ = 0, and the
proper transform of the surface E of the variety W is given by the equation z¯ = 0.
Let P, D¯, S¯ and C¯ be the proper transforms on the variety W of the pencil | − 2KX |, the
surface D, the surface S and the curve C respectively, and H¯ be the proper transform on the
variety W of the surface that is cut on X by the equation y = 0. Then the surface D¯ is a general
surface of the pencil P. Moreover, we have
(25.4)


E¯ ∼Q γ
∗(E)−
2
3
F,
D¯ ∼Q (α ◦ γ)
∗(−2KX)−
2
7
γ∗(E)−
2
3
F ∼Q (α ◦ γ)
∗(−2KX)−
2
7
E¯ −
6
7
F,
S¯ ∼Q (α ◦ γ)
∗(−KX)−
1
7
γ∗(E) −
1
3
F ∼Q (α ◦ γ)
∗(−KX)−
1
7
E¯ −
3
7
F,
H¯ ∼Q γ
∗
(
α∗(−2KX )−
9
7
E
)
∼Q (α ◦ γ)
∗(−2KX)−
9
7
E¯ −
6
7
F ∼Q 2S¯ − E¯.
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The curve C¯ is contained in the base locus of the pencil P, but the curve C¯ is not the only
curve in the base locus of the pencil P. Namely, let L be the curve on the surface E that is
contained in the linear system |OP(1, 3, 4)(1)|, which means that L is the curve given locally by the
equations x˜ = z˜ = 0, and L¯ be the proper transform of L on W . Then the curve L¯ is contained
in the base locus of the pencil P as well. Moreover, it follows from the local computations that
the base locus of the pencil P does not contain curves outside of the union of C¯ ∪ L¯.
The curve C¯ is the intersection of the divisors S¯ and H¯, and the curve L¯ is the intersections
of the divisors S¯ and E¯. Moreover, we have 2C¯ = D¯ · H¯, C¯ + L¯ = S¯ · D¯ and 2L¯ = D¯ · E¯.
The curves C¯ and L¯ can be considered as divisors on the normal surface D¯. Then it follows
from the equivalences 25.4 that
(25.5)


L¯ · L¯ =
E¯ · E¯ · D¯
4
= −
5
8
,
C¯ · C¯ =
H¯ · H¯ · D¯
4
= S¯ · S¯ · D¯ − S¯ · E¯ · D¯ −
3
2
E¯ · E¯ · D¯ = −
7
24
,
C¯ · L¯ =
H¯ · E¯ · D¯
4
=
S¯ · E¯ · D¯
2
−
E¯ · E¯ · D¯
4
=
3
8
,
which implies that the intersection forms of C¯ and L¯ on D¯ is negatively definite.
Let G be a sufficiently general surface of the linear system B. Then
G|D¯ ∼Q −kKW |D¯ ∼Q kS¯|D¯ ∼Q kC¯ + kL¯,
which is impossible by Lemmas 2.8 and 2.10.
26. Case n = 36, hypersurface of degree 18 in P(1, 1, 4, 6, 7).
We use the notations and assumptions of Section 3. Let n = 36. Then X is a sufficiently
general hypersurface in P(1, 1, 4, 6, 7) of degree 18, the equality −K3X = 3/28 holds, and the
singularities of X consist of the point P1 that is a quotient singularity of type
1
2(1, 1, 1), the
point P2 that is a quotient singularity of type
1
4(1, 1, 3), and the point P3 that is a quotient
singularity of type 17(1, 1, 6). There is a commutative diagram
U3
α3

U34
β4oo Y
γ5oo
η

X
ψ
//______________ P(1, 1, 4)
where ψ is a projection, α3 is the weighted blow up of P3 with weights (1, 1, 7), β4 is the weighted
blow up with weights (1, 1, 6) of the singular point of the variety U3 that is contained in the
exceptional divisor of the morphism α3, γ5 is the weighted blow up with weights (1, 1, 4) of the
singular point of the variety U34 that is contained in the exceptional divisor of the birational
morphism β4, and η is an elliptic fibration.
Remark 26.1. The divisors −KU3 and −KU34 are nef and big.
There is a commutative diagram
W
β3
~~}}
}}
}}
}} β2
  A
AA
AA
AA
A
ω
--ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U2
α2
  A
AA
AA
AA
A
U3
α3
~~}}
}}
}}
}}
P(1, 1, 6),
X
ξ
22ddddddddddddddddddddddd
where ξ is a projection, α2 is the blow up of the P2 with weights (1, 1, 3), α3 is the weighted blow
up of P3 with weights (1, 1, 6), β2 is the weighted blow up with weights (1, 1, 3) of the proper
transform of P2 on U3, β3 is the weighted blow up with weights (1, 1, 6) of the proper transform
of the point P3 on U2, and ω is an elliptic fibration.
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Remark 26.2. The divisor −KU2 is nef and big.
In the rest of the section we prove the following result.
Proposition 26.3. Either there is a commutative diagram
(26.4) X
ψ




ζ
//________ X
ρ
//______ V
ν

P(1, 1, 4)
φ
//_____________ P2,
or there is a commutative diagram
(26.5) X
ξ




ρ
//________ V
ν

P(1, 1, 6)
σ
//______ P2,
where ζ, φ and σ are birational maps.
It follows from Theorem 3.5, Proposition 3.7 and Lemma 3.14 that
∅ 6= CS
(
X,
1
k
M
)
⊆
{
P2, P3
}
,
and the existence of the commutative diagram 20.3 is obvious, if CS(X, 1
k
M) = {P2, P3}.
Lemma 26.6. The set CS(X, 1
k
M) contains point P3.
Proof. Suppose that P3 6∈ CS(X,
1
k
M). Then CS(X, 1
k
M) = {P2}. Let D2 be the proper
transform of M on U2, and P6 be the singular point of U2 that is contained in the exceptional
divisor of α2. Then D2 ∼Q −kKU2 by Theorem 2.2, the point P6 is a quotient singularity of
type 13 (1, 1, 2) on U2, and it follows from Lemmas 2.1 and 2.3 that P6 ∈ CS(U2,
1
k
D2).
Let π : Z → U2 be the weighted blow up of P6 with weights (1, 1, 3), and B be the proper
transform of M on Z, and S be a general surface of | −KZ |. Then S is normal, and the base
locus of the | −KZ | consists of the irreducible curve ∆ such that B|S ∼Q k∆.
The equality ∆2 = 1/7 holds on the surface S, which contradicts Lemmas 2.8 and 2.10. 
To conclude the proof of the Proposition 26.3, we may assume that CS(X, 1
k
M) = {P3}.
Let D3 be the proper transform of M on U3, and P4 be the singular point of U3 that is
contained in the exceptional divisor of the α3. Then D3 ∼Q −kKU3 , and P4 is a quotient
singularity of type 16(1, 1, 5) on U3 that is contained in CS(U3,
1
k
D3) by Lemmas 2.1 and 2.3.
Lemma 26.7. The set CS(U3,
1
k
D3) consists of the point P4.
Proof. Suppose that the set CS(U3,
1
k
D3) contains a subvariety C of the variety U3 that is
different from the point P4. Let G be the exceptional divisor of β4. Then C is a curve that is
contained in G by Lemma 2.3, which is impossible by Lemma 2.4. 
Hence, the set CS(U3,
1
k
D3) consists of the point P4. Let D34 be the proper transform of the
linear system M on the variety U34, and P5 be the singular point of the variety U34 that is
contained in exceptional divisor of the morphism β4. Then D34 ∼Q −kKU34 by Theorem 2.2,
the point P5 is a quotient singularity of type
1
5(1, 1, 4) on U34, but CS(U34,
1
k
D34) contains the
point P5 by Lemmas 2.1 and 2.3. It follows from Theorem 2.2 that the proper transform of
the linear system M on Y is contained in fibers of the elliptic fibration η, which implies the
existence of the commutative diagram 26.4. The claim of Proposition 26.3 is proved.
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27. Case n = 38, hypersurface of degree 18 in P(1, 2, 3, 5, 8).
We use the notations and assumptions of Section 3. Let n = 38. Then X is a hypersurface of
degree 18 in P(1, 2, 3, 5, 8), the singularities of X consist of the points P1 and P2 that are quotient
singularities of type 12(1, 1, 1), the point P3 that is a quotient singularity of type
1
5(1, 2, 3), and
the point P4 that is a quotient singularity of type
1
8(1, 3, 5), and the equality −K
3
X = 3/40 holds.
There is a commutative diagram
Y
γ5
}}{{
{{
{{
{{ γ3
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U34
β4
}}||
||
||
|| β3
!!B
BB
BB
BB
B
U45
β5}}||
||
||
||
P(1, 2, 3),
U3
α3
!!C
CC
CC
CC
C
U4
α4
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where ψ is a projection, α3 is the weighted blow up of P3 with weights (1, 2, 3), α4 is the weighted
blow up of P4 with weights (1, 3, 5), β4 is the weighted blow up with weights (1, 3, 5) of the proper
transform of P4 on U3, β3 is the weighted blow up with weights (1, 2, 3) of the proper transform
of the point P3 on U4, β5 is the weighted blow up with weights (1, 2, 3) of the singular point of
the variety U4 that is a quotient singularity of type
1
5(1, 2, 3) contained in the exceptional divisor
of the morphism α4, γ3 is the weighted blow up with weights (1, 2, 3) of the proper transform of
the point P3 on the U45, γ5 is the weighted blow up with weights (1, 2, 3) of the singular point
of the variety U34 that is a quotient singularity of type
1
5 (1, 2, 3) contained in the exceptional
divisor of the morphism β4, and η is an elliptic fibration.
Proposition 27.1. The claim of Theorem 1.10 holds for n = 38.
Proof. It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that
∅ 6= CS
(
X,
1
k
M
)
⊆
{
P3, P4
}
,
but the proof of Proposition 21.1 implies that P4 ∈ CS(X,
1
k
M).
Let D4 be the proper transform of the linear system M on the variety U4, P¯3 be the proper
transform of the point P3 on U4, and P5 and P6 be the singular points of the variety U4 that
are quotient singularities of types 15 (1, 2, 3) and
1
3(1, 1, 2) contained in exceptional divisor of the
morphism α4 respectively. Then the arguments of the proof of Proposition 25.1 imply that
CS
(
U4,
1
k
D4
)
∩
{
P¯3, P5
}
6= ∅.
Suppose that P¯3 ∈ CS(U4,
1
k
D5). Then the proofs of Propositions 21.1 and 25.1 implies that
the set CS(U4,
1
k
D5) contains the singular point P5. Therefore, the claim of Theorem 2.2 implies
that the claim of Theorem 1.10 holds for the hypersurface X.
We may assume that the set CS(U4,
1
k
D5) contains the point P5.
Let D45 be the proper transform of M on U45, and P7 and P8 be the singular points of
the variety U45 that are quotient singularities of types
1
2(1, 1, 1) and
1
3 (1, 1, 2) contained in the
exceptional divisor of β5 respectively. Then if follows from Lemma 2.1 that CS(U45,
1
k
D45) 6= ∅,
and Theorem 2.2 implies that the claim of Theorem 1.10 holds for the hypersurface X in the
case when the set CS(U45,
1
k
D45) contains the proper transform of the point P3 on U45.
Therefore, it follows from Lemma 2.3 that to conclude the proof of Proposition 27.1 we may
assume that the set CS(U45,
1
k
D45) contains either the point P7, or the point P8.
Suppose that P7 ∈ CS(U45,
1
k
D45). Then considering the proper transform of the complete
linear system | − 3KX | on the weighted blow up of the point P7 with weights (1, 1, 1), we easily
obtain a contradiction as in the proof of Lemma 21.3.
Thus, the set CS(U45,
1
k
D45) contains the point P8.
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Let π : W → U45 be the weighted blow up of P8, B be the proper transform of M on the
variety W , and D be a general surface in | − 2KW |. Then B ∼Q −kKW by Theorem 2.2, the
surface D is normal, the pencil |− 2KW | is the proper transform of the pencil |− 2KX |, and the
base locus of the pencil | − 2KW | consists of the curves C and L such that α4 ◦ β5 ◦ π(C) is the
unique base curve of the pencil |−2KX |, and the curve β5 ◦π(L) is contained in the exceptional
divisor of the morphism α4.
The the intersection form of the curves C and L on the surface D is negatively definite, but
the equivalence B|D ∼Q kC + kL holds, which is impossible by Lemmas 2.10 and 2.8. 
28. Case n = 40, hypersurface of degree 19 in P(1, 3, 4, 5, 7).
We use the notations and assumptions of Section 3. Let n = 40. Then X is a sufficiently
general hypersurface in P(1, 3, 4, 5, 7) of degree 19, the singularities of the hypersurface X consist
of the point P1 that is a quotient singularity of type
1
3 (1, 1, 2), the point P2 that is a quotient
singularity of type 14 (1, 1, 3), the point P3 that is a quotient singularity of type
1
5(1, 2, 3), and
the point P4 that is a quotient singularity of type
1
7(1, 3, 4), and −K
3
X = 19/420.
There is a commutative diagram
Y
β4
~~ ~
~~
~~
~~ β3
  @
@@
@@
@@
@
η
,,ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U3
α3
  @
@@
@@
@@
@
U4
α4
~~ ~
~~
~~
~~
P(1, 3, 4),
X
ψ
22ddddddddddddddddddddddd
where ψ is the natural projection, α3 is the weighted blow up of the singular point P3 with
weights (1, 2, 3), α4 is the weighted blow up of P4 with weights (1, 3, 4), β3 is the weighted blow
up with weights (1, 2, 3) of the proper transform of P3 on U4, β4 is the weighted blow up with
weights (1, 3, 4) of the proper transform of P4 on U3, and η is an elliptic fibration.
In the rest of the section we prove the following result.
Proposition 28.1. The claim of Theorem 1.10 holds for n = 40.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that
∅ 6= CS
(
X,
1
k
M
)
⊆
{
P3, P4
}
.
Let D3 and D4 be the proper transforms of the linear system M on U3 and U4 respectively.
Lemma 28.2. Suppose that CS(X, 1
k
M) = {P3, P4}. Then there is a commutative diagram
(28.3) X
ψ




ρ
//________ V
ν

P(1, 3, 4)
ζ
//______ P2,
where ζ is a birational map.
Proof. Let H be the proper transform of the linear systemM on the variety Y . Then it follows
from Theorem 2.2 that the equivalence H ∼Q −kKY holds, which implies thatH lies in the fibers
of the elliptic fibration η, which implies the existence of the commutative diagram 28.3. 
Let P5 and P6 be the singular points of the variety U3 that are contained in the exceptional
divisor of α3 such that P5 and P6 are quotient singularities of types
1
2 (1, 1, 1) and
1
3(1, 1, 2)
respectively, and P7 and P8 are the singular points of the variety U4 that are quotient singu-
larities of types 13(1, 1, 2) and
1
4 (1, 1, 3) contained in the exceptional divisor of the morphism α4
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respectively. Then it follows from Theorem 2.2 and Lemmas 2.1 and Lemma 2.3 that

P4 6∈ CS
(
X,
1
k
M
)
⇒ CS
(
U3,
1
k
D3
)
∩
{
P5, P6
}
6= ∅,
P3 6∈ CS
(
X,
1
k
M
)
⇒ CS
(
U4,
1
k
D4
)
∩
{
P7, P8
}
6= ∅.
Lemma 28.4. Suppose that P4 6∈ CS(X,
1
k
M). Then P5 6∈ CS(U3,
1
k
D3).
Proof. Suppose that the set CS(U3,
1
k
D3) contains the point P5. Let γ : W → U3 be the weighted
blow up of P5 with weights (1, 1, 1), F be the exceptional divisor of γ, D be the proper transform
of the linear system M on the variety W , H be the proper transform of the pencil | − 3KX | on
the variety W , D¯ be a sufficiently general surface of the linear system D, and H¯ be a sufficiently
general surface of the pencil H. Then we have the equivalence
H¯ ∼Q (α3 ◦ γ)
∗(−3KX)−
3
5
γ∗(E)−
1
2
F,
where E is the exceptional divisor of the morphism α3. The base locus of the pencil H consists
of the curve C¯ such that α3 ◦γ(C) is the unique base curve of the pencil |− 3KX |. On the other
hand, it follows from Theorem 2.2 that D¯ ∼Q −kKW .
The equivalence D¯|H¯ ∼Q kC¯ and the inequality C¯
2 < 0 hold on the surface H¯. It follows
from Lemma 2.10 that the support of H¯ · D¯ consists of C¯, which contradicts Lemma 2.8. 
Lemma 28.5. Suppose that P4 6∈ CS(X,
1
k
M). Then P6 6∈ CS(U3,
1
k
D3).
Proof. Suppose that P6 ∈ CS(U3,
1
k
D3). Let γ : W → U3 be the weighted blow up of P6 with
weights (1, 1, 2), F and G be the exceptional divisors of α3 and γ respectively, B and D be the
proper transforms ofM and |− 7KX | on the variety W respectively, and D be a general surface
of the linear system D. Then it follows from Theorem 2.2 that B ∼Q −kKW , but the base locus
of the linear system D does not contain curves. Moreover, we have
D ∼Q (α3 ◦ γ)
∗
(
− 7KX
)
−
2
5
γ∗(F )−
2
3
G,
the divisor D is nef, but the explicit calculations imply that
D ·B1 ·B2 =
(
(α3 ◦ γ)
∗
(
− 7KX
)
−
2
5
F −G
)(
(α3 ◦ γ)
∗
(
− kKX
)
−
k
5
F −
k
2
G
)2
= −
1
12
k2,
where B1 and B2 are general surfaces in B, which is a contradiction. 
Lemma 28.6. Suppose that P3 6∈ CS(X,
1
k
M). Then P7 6∈ CS(U4,
1
k
D4).
Proof. Suppose that the set CS(U4,
1
k
D4) contains the point P7. Let γ : W → U4 be the weighted
blow up of P7 with weights (1, 1, 2), F be the exceptional divisor of γ, D be the proper transform
of the linear system M on W , H be the proper transform of | − 4KX | on W , D¯ be a general
surface of the linear system D, and H¯ be a general surface of the linear system H. Then
H¯ ∼Q (α3 ◦ γ)
∗(−4KX)−
4
7
γ∗(E)−
1
3
F,
and the base locus of H consists of the curve C¯ such that α3 ◦ γ(C) is the base curve of the
linear system | − 4KX |. It follows from Theorem 2.2 that the equivalence D¯ ∼Q −kKW holds.
The equality C¯2 = −1/30 holds on the normal surface H¯, which implies that the support of
the cycle H¯ · D¯ consists of C¯, because D¯|H¯ ∼Q kC¯, which contradicts Lemma 2.8. 
Lemma 28.7. Suppose that P3 6∈ CS(X,
1
k
M). Then P8 6∈ CS(U4,
1
k
D4).
Proof. Suppose that the set CS(U4,
1
k
D4) contains the point P8. Let γ : W → U4 be the weighted
blow up of P8 with weights (1, 1, 3), D be the proper transform of M on W , H¯ be a general
surface of the pencil | − 3KW |, and D¯ be a general surface in D. Then D¯ ∼Q −kKW , but the
base locus of the pencil | − 3KW | consists of the irreducible curve C¯ such that α4 ◦ γ(C) is the
base curve of |− 3KX |. Moreover, the equality C¯
2 = −1/20 holds on H¯, but D¯|H¯ ∼Q kC¯, which
implies that the support of H¯ · D¯ consists of C¯, which is impossible by Lemma 2.8. 
The claim Proposition 28.1 is proved.
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29. Case n = 43, hypersurface of degree 20 in P(1, 2, 4, 5, 9).
We use the notations and assumptions of Section 3. Let n = 43. Then X is a sufficiently
general hypersurface in P(1, 2, 4, 5, 9) of degree 20, the equality −K3X = 1/18 holds, and the
singularities of the hypersurface X consist of the points P1, P2, P3, P4 and P5 that are quotient
singularities of type 12(1, 1, 1), and the point P6 that is a quotient singularity of type
1
9(1, 4, 5).
Proposition 29.1. The claim of Theorem 1.10 holds for n = 43.
In the rest of the section we prove Proposition 29.1. It follows from Theorem 3.5, Lemma 3.14
and Proposition 3.7 that CS(X, 1
k
M) = {P6}. There is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 2, 4),
where ψ is a projection, α is the weighted blow up of P6 with weights (1, 4, 5), β is the weighted
blow up with weights (1, 1, 4) of the singular point of the variety U that is a quotient singularity
of type 15(1, 1, 4) contained in the exceptional divisor of α, and η is an elliptic fibration.
Let D be the proper transform of the linear system M on the variety U , and P7 and P8 be
the singular points of U that are quotient singularities of types 14(1, 1, 3) and
1
5(1, 1, 4) contained
in the exceptional divisor of α respectively. Then D ∼Q −kKU by Theorem 2.2.
We must show that the proper transform of the linear systemM on the variety Y is contained
in the fibers of the η, which is implied by Theorem 2.2, if P8 ∈ CS(U,
1
k
D). Thus, to conclude
the proof of Proposition 29.1 we may assume that P8 6∈ CS(U,
1
k
D).
Remark 29.2. The set CS(U, 1
k
D) contains P7 by Lemma 2.3, because −KU is nef and big.
Let γ : W → U be the weighted blow up of the singular point P7 with weights (1, 1, 3), B be
the proper transform of the linear system M on the variety W , and P9 be the singular point of
the variety W that is a quotient singularity of type 13(1, 1, 2) contained in the exceptional divisor
of the morphism γ. Then the equivalence B ∼Q −kKW holds by Theorem 2.2.
Lemma 29.3. The set CS(W, 1
k
B) does not contains the point P9.
Proof. Suppose that the set CS(W, 1
k
B) contains the point P9. Let π : Z → W be the weighted
blow up of the singular point P9 with weights (1, 1, 2), H be the proper transform of the linear
systemM on the variety Z, and P be the proper transform of the linear system |−5KX | on the
variety Z. Then H ∼Q −kKZ by Theorem 2.2, but the base locus of P consists of the irreducible
curve Γ such that α ◦ γ ◦ π(Γ) is the base curve in of | − 5KX |.
Let H1 and H2 be general surfaces of the linear system H, and D be general surface of the
linear system P. Then D · Γ = 1 and D3 = 6. Therefore, the divisor D is nef and big, but the
elementary computations imply that D ·H1 ·H2 = 0, which is impossible by Corollary 2.7. 
Therefore, the claim of Lemma 2.3 implies the following corollary.
Corollary 29.4. The singularities of the log pair (W, 1
k
B) are terminal.
The hypersurface X can be given by the quasihomogeneous equation of degree 20
w2y + wf11(x, y, z, t) + f20(x, y, z, t) = 0 ⊂ P(1, 2, 4, 5, 9) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 2, wt(z) = 4, wt(t) = 5, wt(w) = 9, and fi(x, y, z, t) is a quasihomo-
geneous polynomial of degree i. Let D be a general surface in | − 2KX |, and S be a surface that
is cut on the hypersurface X by the equation x = 0. Then D is cut on X by the quasihomoge-
neous equation λx2 + µy = 0, where (λ, µ) ∈ P1, and the base locus of | − 2KX | consists of the
irreducible curve C that is cut on the hypersurface X by the equations x = y = 0.
In the neighborhood of the point P6, the monomials x, z and t can be considered as weighted
local coordinates on X such that wt(x) = 1, wt(z) = 4 and wt(t) = 5. Then in the neighborhood
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of the singular point P7, the weighted blow up α is given by the equations
x = x˜z˜
1
9 , z = z˜
4
9 , t = t˜z˜
5
9 ,
where x˜, z˜ and t˜ are weighted local coordinated on the variety U in the neighborhood of the
singular point P7 such that wt(x˜) = 1, wt(z˜) = 3 and wt(t˜) = 1.
Let E be the exceptional divisor of the morphism α, and D˜, S˜ and C˜ be the proper transforms
on the variety U of the surface D, the surface S and the curve C respectively. Then E is given
by the equation z˜ = 0, and the surface S˜ is given by the equation x˜ = 0. Moreover, it follows
from the local equation of the surface D˜ that D˜ · S˜ = C˜ + 2L˜1, where L˜1 is the curve that is
locally given by the equations z˜ = x˜ = 0. Moreover, the surface D˜ is not normal in a general
point of the curve L˜1. Nevertheless, we have the equivalences
D˜ ∼Q 2S˜ ∼Q α
∗
(
− 2KX
)
−
2
9
E.
In the neighborhood of the point P9 the morphism γ is given by the equations
x˜ = x¯z¯
1
4 , z˜ = z¯
3
4 , t˜ = t¯z¯
1
4 ,
where x¯, z¯ and t¯ are weighted local coordinates on the variety W in the neighborhood of the
point P9 such that wt(x¯) = 1, wt(z¯) = 2 and wt(t¯) = 1. In particular, the exceptional divisor of
the morphism γ is given by the equation z¯ = 0, and the proper transform of the surface S on
the variety W is given by the equation x¯ = 0.
Let F be the exceptional divisor of the morphism γ, and D¯, S¯, E¯, C¯ and L¯1 be the proper
transforms on the variety W of the surface D, the surface S, the surface E, the curve C and the
curve L˜1 respectively. Then we the equivalence
(29.5)


S¯ ∼Q −KW ∼Q (α ◦ γ)
∗
(
−KX
)
−
1
9
γ∗(E) −
1
4
F,
D¯ ∼Q −2KW ∼Q (α ◦ γ)
∗
(
− 2KX
)
−
2
9
γ∗(E)−
1
2
F,
E¯ ∼Q γ
∗(E)−
3
4
F.
Let L¯2 be the curve on the variety W that is given by the equation z¯ = x¯ = 0. Then
D¯ · S¯ = C¯ + 2L¯1 + L¯2, D¯ · E¯ = 2L¯1, D¯ · F = 2L¯2,
but the base locus of |−2KW | consists of the curves C¯, L¯1 and L¯2. The equivalences 29.5 imply
D¯ · C¯ = 0, D¯ · L¯1 = −
2
5
, D¯ · L¯2 =
2
3
.
Let H¯ and T¯ be the proper transforms on the variety W of the surfaces that are cut on the
hypersurface X by the equations y = 0 and t = 0 respectively. Then
(29.6)


T¯ ∼Q (α ◦ γ)
∗
(
− 5KX
)
−
5
9
γ∗(E) −
1
4
F ∼Q (α ◦ γ)
∗
(
− 5KX
)
−
5
9
E¯ −
2
3
F,
H¯ ∼Q (α ◦ γ)
∗
(
− 2KX
)
−
11
9
γ∗(E)−
3
2
F ∼Q (α ◦ γ)
∗
(
− 2KX
)
−
11
9
E¯ −
5
3
F,
which implies that
−14KW ∼Q 14D¯ ∼Q 2T¯ + 2H¯ + 2E¯,
and the support of the cycle T¯ · H¯ does not contain the curves L¯2 and C¯. Therefore, the base
locus of the linear system | − 14KW | does not contain curves except the curve L¯1.
The singularities of the mobile log pair (W,λ| − 14KW |) are log-terminal for some rational
number λ > 1/14, but the divisor KW +λ|−14KW | has non-negative intersection with all curves
on the variety W except the curve L¯1. It follows from [13] that the log-flip ζ : W 99K Z in the
curve L¯1 with respect to the log pair (W,λ| − 14KW |) exists.
Let P be the proper transform of the linear systemM on the variety Z. Then the singularities
of the log pair (Z, 1
k
P) are terminal, because the singularities of the log pair (W, 1
k
B) are terminal,
but the rational map ζ is a log flop with respect to the log pair (W, 1
k
B), but −KZ is numerically
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effective, because the base locus of the linear system | − 14KW | does not contain curves outside
the curve L¯1, and the inequality −KW · L¯1 < 0 holds.
In the rest of the section we show that −KZ is big, which contradicts Lemma 2.1.
The rational functions y/x2 and ty/x7 are contained in |2S| and |7S| respectively, but the
equivalences 29.6 implies that y/x2 and ty/x7 are contained in |2S¯| and |7S¯| respectively.
Let Z¯ be the proper transform on the variety W of the irreducible surface that is cut on the
hypersurface X by the equation z = 0. Then the equivalences
Z¯ ∼Q (α ◦ γ)
∗
(
− 4KX
)
−
4
9
γ∗(E) ∼Q (α ◦ γ)
∗
(
− 4KX
)
−
4
9
E¯ −
1
3
F
hold, which imply that −6KW ∼Q Z¯ + H¯ + E¯. Thus, the rational function zy/x
6 is contained
in the linear system |6S¯|. Thus, the linear system | − 42KW | maps the variety W dominantly
on some three-dimensional variety, which implies that the divisor −KZ is big.
30. Case n = 44, hypersurface of degree 20 in P(1, 2, 5, 6, 7).
We use the notations and assumptions of Section 3. Let n = 44. Then X is a sufficiently
general hypersurface in P(1, 2, 5, 6, 7) of degree 20, the equality −K3X = 1/21 holds, and the
singularities of the hypersurface X consist of the points P1, P2 and P3 that are quotient singu-
larities of type 12(1, 1, 1), the point P4 that is a quotient singularity of type
1
6(1, 1, 5), and the
point P5 that is a quotient singularity of type
1
7 (1, 2, 5). There is a commutative diagram
Y
β5
~~ ~
~~
~~
~~ β4
  @
@@
@@
@@
@
η
,,ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U4
α4
  @
@@
@@
@@
@
U5
α5
~~ ~
~~
~~
~~
P(1, 2, 5),
X
ψ
22ddddddddddddddddddddddd
where ψ is a projection, α4 is the weighted blow up of P4 with weights (1, 1, 5), α5 is the weighted
blow up of P5 with weights (1, 2, 5), β4 is the weighted blow up with weights (1, 1, 5) of the proper
transform of P4 on U5, β5 is the weighted blow up with weights (1, 2, 5) of the proper transform
of the point P5 on the variety U4, and η is an elliptic fibration. There is a commutative diagram
U5
α5

W
β6oo
ω

X
ξ
//______ P(1, 1, 3),
where ξ is a projection, β6 is the weighted blow up with weights (1, 2, 3) of the singular point
of U5 that is a singularity of type
1
5 (1, 2, 3) contained in the α5-exceptional divisor, and ω is an
elliptic fibration.
Proposition 30.1. Either there is a commutative diagram
(30.2) X
ψ




ρ
//________ V
ν

P(1, 2, 5)
φ
//______ P2,
or there is a commutative diagram
(30.3) X
ξ




ζ
//________ X
ρ
//______ V
ν

P(1, 1, 3)
σ
//_____________ P2
where φ, ζ and σ are birational maps.
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Let us prove Proposition 30.1. It follows from Lemma 3.14 and Proposition 3.7 that
∅ 6= CS
(
X,
1
k
M
)
⊆
{
P4, P5
}
,
but the proof of Lemma 18.2 implies that the set CS(X, 1
k
M) contains the point P5.
The existence of the commutative diagram 30.2 easily follows from Theorem 2.2 in the case
when CS(X, 1
k
M) = {P4, P5}. Thus, to conclude the proof of Proposition 30.1, we may assume
that the set CS(X, 1
k
M) consists of the point P5.
In the rest of the section we prove the existence of the commutative diagram 30.3.
Let D5 be the proper transform of M on U5. Then D5 ∼Q −kKU5 by Theorem 2.2, which
implies that the set CS(U5,
1
k
D5) is not empty by Lemma 2.1. Let G be the exceptional divisor
of the morphism α5, and P¯6 and P¯7 are the singular points of G that are quotient singularities
of types 15(1, 2, 3) and
1
2(1, 1, 1) on the variety U5 respectively.
In the case when the set CS(U5,
1
k
D5) contains the point P¯6, the existence of the commutative
diagram 30.3 follows from Theorem 2.2. Therefore, to conclude the proof of Proposition 30.1,
we may assume that the set CS(U5,
1
k
D5) contains the point P¯7 by Lemma 2.3.
Remark 30.4. The linear system | − 5KU5 | is a proper transform of | − 5KX |, and the base locus
of the linear system | − 5KU5 | consists of the irreducible curve that is the fiber of the rational
map ψ ◦ α5 passing through the point P¯7.
Let π : U → U5 be the weighted blow up of P¯7 with weights (1, 1, 1), F be the exceptional
divisor of π, D be the proper transform of M on the variety U , and H be the proper transform
of the linear system | − 5KU5 | on the variety U . Then D ∼Q −kKU by Theorem 2.2, but
H ∼Q π
∗
(
− 5KU5
)
−
1
2
F,
and the base locus of H consists of the irreducible curve Z such that α5 ◦ π(Z) is the unique
curve in the base locus of the linear system | − 5KX |.
Let S be a general surface of the linear system H. Then the equality S ·Z = 1/3 holds, which
implies that the divisor π∗(−10KU5)− F is nef. Let D1 and D2 be general surfaces in D. Then
−
2k2
3
=
(
π∗
(
− 10KU5
)
− F
)
·
(
π∗
(
− kKU5
)
−
k
2
F
)2
=
(
π∗
(
− 10KU5
)
− F
)
·D1 ·D2 > 0,
which is a contradiction. The claim of Proposition 30.1 is proved.
31. Case n = 47, hypersurface of degree 21 in P(1, 1, 5, 7, 8).
We use the notations and assumptions of Section 3. Let n = 47. Then X is a general hyper-
surface in P(1, 1, 5, 7, 8) of degree 21, whose singularities consist of the point P1 that is a singu-
larity of type 15 (1, 2, 3), and the point P2 that is a singularity of type
1
8 (1, 1, 7).
There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 1, 5),
where α is the weighted blow up of the point P2 with weights (1, 1, 7), β is the weighted blow
up with weights (1, 1, 6) of the singular point of the variety U that is a quotient singularity of
type 17(1, 1, 6), γ is the weighted blow up with weights (1, 1, 5) of the singular point W that is
a quotient singularity of type 16 (1, 1, 5), and η is and elliptic fibration.
Proposition 31.1. The claim of Theorem 1.10 holds for n = 47.
In the rest of the section we prove Proposition 31.1. It follows from Theorem 3.5, Lemma 3.14
and Proposition 3.7 that CS(X, 1
k
M) ⊆ {P1, P2}.
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The hypersurface X can be given by the equation
w2z +
2∑
i=0
wzig13−5i(x, y, t) +
3∑
i=0
zig21−5i(x, y, t) = 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 1, wt(z) = 5, wt(t) = 7, wt(w) = 8, and gi(x, y, t) is a quasihomoge-
neous polynomial of degree i.
Lemma 31.2. The set CS(X, 1
k
M) contains the point P2.
Proof. Suppose that CS(X, 1
k
M) does not contains P2. Then CS(X,
1
k
M) = {P1}.
Let π : Z → X be the weighted blow up of P1 with weights (1, 2, 3), E be the exceptional
divisor of π, and B be the proper transform ofM on Z. Then E ∼= P(1, 2, 35) and B ∼Q −kKZ .
Let P¯3 and P¯4 be the singular points of the variety Z contained in E that are singularities of
types 12(1, 1, 1) and
1
3(1, 1, 2) respectively. Then the proof of Proposition 22.1 implies that the
singularities of the log pair (Z, 1
k
B) are terminal. However, the divisor −KZ is not nef.
The base locus of the pencil | −KZ | consists of the irreducible curves C and L such that the
curve π(C) is cut out by x = y = 0, the curve L is contained in the divisor E, the curve L is
contained in |OP(1, 2, 3)(1)|, the inequalities −KZ · C < 0 and −KZ · L > 0 hold.
It follows from [13] that the antiflip ζ : Z 99K Z¯ in the curve C exists, and −KZ¯ is nef.
Let P be the proper transform of the linear systemM on the variety Z¯. Then the singularities
of the log pair (Z¯, 1
k
P) are terminal, because the singularities of the log pair (Z, 1
k
B) are terminal,
and the antiflip ζ is a log flop with respect to the log pair (Z, 1
k
B).
One can easily check that the rational functions y/x, zy/x6, ty/x8 and yw/x9 are contained
in the linear system | − aKZ |, where a = 1, 6, 8 and 9 respectively. Therefore, the complete
linear system | − 72KZ | induces the birational map χ : Z 99K X¯ such that X¯ is a hypersurface
of degree 24 in P(1, 1, 6, 8, 9). Hence, the divisor −KZ¯ is big, which contradicts Lemma 2.1. 
Let G be the exceptional divisor of the morphism α, D be the proper transform of the linear
system M on the variety U , P¯1 be the proper transform of P1 on U , and P¯5 be the singular
point of the variety U that is contained in G. Then D ∼Q −kKU by Theorem 2.2.
Lemma 31.3. The set CS(U, 1
k
D) contains the point P¯5.
Proof. Suppose that P¯5 6∈ CS(U,
1
k
D). Then CS(U, 1
k
D) = {P¯1} by Lemmas 2.1 and 2.3.
Let π : Z → U be the weighted blow up of the point P¯1 with weights (1, 2, 3), E be the ex-
ceptional divisor of the morphism π, and G¯ and B be the proper transforms of G andM on the
variety Z respectively. Then B ∼Q −kKZ by Theorem 2.2, but the proof of Lemma 31.2 implies
that the singularities of the log pair (Z, 1
k
B) are terminal.
Let Sx, Sy, Sz, St and Sw be the proper transforms on the variety Z of the surfaces that are
cut on X by the equations x = 0, y = 0, z = 0, t = 0 and w = 0 respectively. Then
(31.4)


Sx ∼Q (α ◦ π)
∗
(
−KX
)
−
1
5
E −
1
8
G¯,
Sy ∼Q (α ◦ π)
∗
(
−KX
)
−
6
5
E −
1
8
G¯,
Sz ∼Q (α ◦ π)
∗
(
− 5KX
)
−
1
5
E −
13
8
G¯,
St ∼Q (α ◦ π)
∗
(
− 7KX
)
−
2
5
E −
7
8
G¯,
Sw ∼Q (α ◦ π)
∗
(
− 8KX
)
−
3
5
E.
The base locus of the pencil | −KZ | consists of the irreducible curves C and L such that the
curve α◦π(C) is cut by the equation x = y = 0 on the hypersurface X, the curve L is contained
in the divisor E, and the curve L is the unique curve of the linear system |OP(1, 2, 3)(1)|.
It follows from [13] that there is the antiflip ζ : Z 99K Z¯ in C such that −KZ¯ is nef.
Let P be the proper transform of the linear systemM on the variety Z¯. Then the singularities
of the log pair (Z¯, 1
k
P) are terminal.
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The equivalences 31.4 imply that the functions y/x, zy/x6, ty/x8 and wzy2/x15 are contained
in the complete linear system |aSx|, where a = 1, 6, 8 and 15 respectively. Hence, the linear
system | − 120KZ | induces the birational map χ : Z 99K X¯ such that X¯ is a hypersurface of
degree 30 in P(1, 1, 6, 8, 15), which implies that −KZ¯ is big, which contradicts Lemma 2.1. 
Remark 31.5. It follows from Lemma 2.4 that CS(U, 1
k
D) = {P¯5}.
Let H be the proper transform of the linear systemM on the variety W , F be the exceptional
divisor of β, P˜1 be the proper transform of P1 on W , and P˜6 be the singular point of W that is
contained in F . Then H ∼Q −kKW by Theorem 2.2, but CS(W,
1
k
H) 6= ∅.
Lemma 31.6. Suppose that P˜6 ∈ CS(W,
1
k
H). Then there is a commutative diagram
(31.7) X
ψ




ρ
//________ V
ν

P(1, 1, 5)
ζ
//______ P2,
where ζ is a birational map.
Proof. The existence of the diagram 31.7 follows from Theorem 2.2. 
We may assume that the set CS(W, 1
k
H) consists of the point P˜1 by Lemma 2.3.
Let π : Z → W be the weighted blow up of P˜1 with weights (1, 2, 3), E be the exceptional
divisor of π, B be the proper transform of M on Z, and G˜ and F˜ be the proper transforms on
the variety Z of the surfaces G and F respectively. Then it follows from the proof of Lemma 31.2
that the singularities of the log pair (Z, 1
k
B) are terminal, but B ∼Q −kKZ by Theorem 2.2.
Let Sx, Sy, Sz, St and Sw be proper transforms on the variety Z of the surfaces that are cut
on the variety X by the equations x = 0, y = 0, z = 0, t = 0 and w = 0 respectively. Then
(31.8)


Sx ∼Q (α ◦ β ◦ π)
∗
(
−KX
)
−
1
5
E −
1
8
G˜−
1
4
F˜ ,
Sy ∼Q (α ◦ β ◦ π)
∗
(
−KX
)
−
6
5
E −
1
8
G˜−
1
4
F˜ ,
Sz ∼Q (α ◦ β ◦ π)
∗
(
− 5KX
)
−
1
5
E −
13
8
G˜−
9
4
F˜ ,
St ∼Q (α ◦ β ◦ π)
∗
(
− 7KX
)
−
2
5
E −
7
8
G˜−
3
4
F˜ ,
Sw ∼Q (α ◦ β ◦ π)
∗
(
− 8KX
)
−
3
5
E.
The equivalences 31.8 imply that the functions y/x, zy/x6, tzy2/x14 and wz2y3/x21 are con-
tained in the linear systems |Sx|, |6Sx|, |14Sx| and |21Sx| respectively. Therefore, the complete
linear system | − 42KZ | induces the birational map χ : Z 99K X¯ such that X¯ is a threefold
5.
The base locus of the linear system | − 42KZ | consists of the irreducible curve C such that
the curve α ◦ β ◦ π(C) is cut on X by the equations x = y = 0. Therefore, the existence of the
antiflip ζ : Z 99K Z¯ in the curve C follows from [13], which implies that −KZ¯ is nef and big.
The rational map ζ is a log flip with respect to the log pair (Z, 1
k
B). Therefore, we see that
the singularities of the mobile log pair (Z¯, 1
k
P) are terminal, where P is the proper transform of
the linear system M on the variety Z, which is impossible by Lemma 2.1.
The claim of Proposition 31.1 is proved.
5The proofs of Lemmas 31.2 and 31.3 give the birational transformations of the hypersurface X into hyper-
surfaces in P(1, 1, 6, 8, 9) and P(1, 1, 6, 8, 15) of degrees 24 and 30 respectively. The anticanonical models of the
varieties U and W are hypersurfaces in P(1, 1, 5, 7, 13) and P(1, 1, 5, 12, 18) of degrees 26 and 36 respectively, and
the threefold X¯ is a hypersurface in P(1, 1, 6, 14, 21) of degree 42. Up to to the action of Bir(X), there are no
other non-trivial birational transformations of X into Fano threefolds with canonical singularities.
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32. Case n = 48, hypersurface of degree 21 in P(1, 2, 3, 7, 9).
We use the notations and assumptions of Section 3. Let n = 48. Then X is a general hyper-
surface in P(1, 2, 3, 7, 9) of degree 21, whose singularities consist of the point P1 that is a sin-
gularity of type 12(1, 1, 1), the points P2 and P3 that are singularity of type
1
3(1, 1, 2), and the
point P4 that is a singularity of type
1
9(1, 2, 7). There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 2, 3),
where ψ is a projection, α is the weighted blow up of P4 with weights (1, 2, 7), β is the weighted
blow up with weights (1, 2, 5) of the singular point of the variety U that is a quotient singularity
of type 17(1, 2, 5) contained in the exceptional divisor of α, γ is the weighted blow up with
weights (1, 2, 3) of the singular point of W that is a singularity of type 15 (1, 2, 3) contained in
the exceptional divisor of β, and η is an elliptic fibration.
Proposition 32.1. The claim of Theorem 1.10 holds for n = 48.
In the rest of the section we prove Proposition 32.1. It follows from Theorem 3.5, Lemma 3.14
and Proposition 3.7 that CS(X, 1
k
M) = {P4}.
Let E be the α-exceptional divisor, D be the proper transform ofM on U , and P5 and P6 be
the singular points of U contained in E that are singularities of types 12 (1, 1, 1) and
1
7(1, 2, 5)
respectively. Then E ∼= P(1, 2, 7), but D ∼Q −kKU by Theorem 2.2.
It follows from Lemmas 2.1, 2.3 and 2.4 that CS(U, 1
k
D) ⊆ {P5, P6}.
Lemma 32.2. The set CS(U, 1
k
D) does not contain the point P5.
Proof. Suppose that the set CS(U, 1
k
D) contains the point P5. Let π : Z → U be the weighted
blow up of P5 with weights (1, 1, 1), G be the exceptional divisor of π, and B and P be the
proper transforms of the linear systems M and | − 7KX | on the variety Z respectively. Then
B ∼Q −kKZ ∼Q (α ◦ π)
∗
(
− kKX
)
−
k
9
π∗(E)−
k
2
G
by Theorem 2.2, but the base locus of the linear system P does not contain curves. Let H be a
general divisor of the linear system P. Then the divisor H is numerically effective, but
H ·B1 ·B2 =
(
(α ◦π)∗
(
− kKX
)
−
k
9
π∗(E)−
k
2
G
)2(
(α ◦π)∗
(
− 7KX
)
−
7
9
π∗(E)−
1
2
G
)
= −
1
6
k2,
where B1 and B2 are general surfaces of the linear system B, which is a contradiction. 
Hence, the set CS(U, 1
k
D) consists of the point P6.
Let F be the β-exceptional divisor, H be the proper transform ofM on W , and P7 and P8 be
the singular points of W contained in F that are singularities of types 12(1, 1, 1) and
1
5(1, 2, 3)
respectively. Then F ∼= P(1, 2, 5), but H ∼Q −kKW by Theorem 2.2.
It follows from Lemmas 2.1, 2.3 and 2.4 that CS(W, 1
k
H) ⊆ {P7, P8}.
Lemma 32.3. Suppose that P8 ∈ CS(W,
1
k
H). Then there is a commutative diagram
(32.4) X
ψ




ρ
//________ V
ν

P(1, 2, 3)
ζ
//______ P2,
where ζ is a birational map.
Proof. Let S be the proper transform on the variety Y of a sufficiently general surface of the
linear system M, and Γ be a general fiber of η. Then S ∼Q −kKY by Theorem 2.2, which
implies that S ·Γ = 0. Therefore, the surface S lies in the fibers of the fibration η, which implies
the existence of the commutative diagram 32.4. 
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To conclude the proof of Proposition 32.1, we may assume that P7 ∈ CS(W,
1
k
H).
Let π : Z → W be the weighted blow up of P7 with weights (1, 1, 1), G be the exceptional
divisor of π, and B be the proper transform of M on Z. Then B ∼Q −kKZ by Theorem 2.2.
The hypersurface X can be given by the equation
w2z + wf12(x, y, z, t) + f21(x, y, z, t) = 0 ⊂ P(1, 2, 3, 7, 9) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 7, wt(w) = 9, and fi(x, y, z, t) is a quasihomo-
geneous polynomial of degree i.
Let P be the proper transform on the variety Z of the pencil of surfaces that are cut on the
hypersurface X by the equations λx3 + µz = 0, where (λ, µ) ∈ P1. Then the base locus of the
pencil P consists of the irreducible curves C, L1 and L2 such that α ◦ β ◦π(C) is the curve that
is cut on the hypersurface X by the equations x = z = 0, the curve β ◦ π(L1) is contained in
the exceptional divisor E, the curve β ◦π(L1) is the unique curve in the base locus of the linear
system |OP(1, 2, 7)(1)|, the curve π(L2) is contained in F , and the curve π(L2) is the unique curve
of the linear system |OP(1, 2, 5)(1)|.
LetD be a general surface of the pencil P, E¯ and F¯ be the proper transforms of the exceptional
divisors E and F on the variety Z respectively, and S be the proper transform on Z of the surface
that is cut on the hypersurface X by the equation x = 0. Then
S ·D = C + L1 + L2, E¯ ·D = 3L1, F¯ ·D = 3L2,
the surface D is normal, and
(32.5)


F¯ ∼Q π
∗(F )−
1
2
G,
E¯ ∼Q (β ◦ π)
∗(E)−
5
7
π∗(F )−
1
2
G,
D ∼Q (α ◦ β ◦ π)
∗
(
− 3KX
)
−
3
9
(β ◦ π)∗(E) −
3
7
π∗(F )−
3
2
G,
S ∼Q (α ◦ β ◦ π)
∗
(
−KX
)
−
1
9
(β ◦ π)∗(E)−
1
7
π∗(F )−
1
2
G.
Consider the curves C, L1 and L2 as divisors on D¯. The equivalences 32.5 imply that
C · C = L1 · L1 = −
1
2
, L2 · L2 = −
2
5
, C · L1 = C · L2 = L1 · L2 = 0,
which implies that the intersection form of the curves C, L1 and L2 on the normal surface D is
negatively defined. On the other hand, we have
B|D ∼Q −kKZ |D ∼Q kS|D ∼Q kC + kL1 + kL2,
where B is a general surface of the linear system B, which contradicts Lemmas 2.10 and 2.8.
The claim of Proposition 32.1 is proved.
33. Case n = 49, hypersurface of degree 21 in P(1, 3, 5, 6, 7).
We use the notations and assumptions of Section 3. Let n = 49. Then X is a general hyper-
surface in P(1, 3, 5, 6, 7) of degree 21, whose singularities consist of the points P1, P2 and P3 that
are singularities of type 13 (1, 1, 2), the point P4 that is a singularity of type
1
5(1, 2, 3), and the
point P5 that is a singularity of type
1
6(1, 1, 5).
There is a commutative diagram
Y
α
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 3, 5),
where ψ is a projection, α is the blow up of P5 with weights (1, 1, 5), and η is an elliptic fibration.
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There is a commutative diagram
U
β
 


 ω
$$I
II
II
II
II
X
ξ
//_______ P(1, 3, 6),
where ξ is a projection, β is the blow up of P4 with weights (1, 2, 3), and ω is an elliptic fibration.
Proposition 33.1. Either there is a commutative diagram
(33.2) X
ψ




ρ
//________ V
ν

P(1, 3, 5)
φ
//______ P2,
or there is a commutative diagram
(33.3) X
ξ




ρ
//________ V
ν

P(1, 3, 6)
σ
//______ P2,
where φ and σ are birational maps.
Proof. It follows from Proposition 3.7 and Lemma 3.14 that CS(X, 1
k
M) ⊆ {P4, P5}.
Suppose that the set CS(X, 1
k
M) contains point P4. Let D be the proper transform of the
linear system M on the variety U . Then D ∼Q −kKU by Theorem 2.2. Intersecting a general
surface of the linear system D with a general fiber of ω, we see that D lies in the fibers of the
elliptic ω, which implies the existence of the commutative diagram 33.3.
Similarly, the commutative diagram 33.2 exists when P4 ∈ CS(X,
1
k
M). 
34. Case n = 51, hypersurface of degree 22 in P(1, 1, 4, 6, 11).
We use the notations and assumptions of Section 3. Let n = 51. Then X is a hypersurface of
degree 22 in P(1, 1, 4, 6, 11), the equality −K3X = 1/12 holds, and the singularities of X consist
of the point P1 that is a quotient singularity of type
1
2 (1, 1, 1), the point P2 that is a quotient
singularity of type 13(1, 1, 4), and the point P3 that is a quotient singularity of type
1
6(1, 1, 5).
The hypersurface X is birationally superrigid. There is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 1, 4),
where ψ is a projection, α is the weighted blow up of P3 with weights (1, 1, 5), β is the weighted
blow up with weights (1, 1, 4) of the singular point of the variety U that is contained in the
exceptional divisor of α, and η is an elliptic fibration. There is a commutative diagram
W
γ
~~ ~
~~
~~
~~ ω
$$I
II
II
II
II
X
ξ
//_______ P(1, 1, 6),
where ξ is a projection, γ is the blow up of P2 with weights (1, 1, 3), and ω is an elliptic fibration.
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Proposition 34.1. Either there is a commutative diagram
(34.2) X
ψ




ρ
//________ V
ν

P(1, 1, 4)
φ
//______ P2,
or there is a commutative diagram
(34.3) X
ξ




ρ
//________ V
ν

P(1, 1, 6)
σ
//______ P2,
where φ and σ are birational maps.
Proof. Suppose that P2 is contained in CS(X,
1
k
M). Let D be the proper transform of M on
the variety W . Then the equivalence D ∼Q −kKW holds by Theorem 2.2, which implies the
existence of the commutative diagram 34.3.
We may assume that CS(X, 1
k
M) = {P3} by Theorem 3.5, Proposition 3.7 and Lemma 3.14.
Let B be the proper transform of M on U . Then B ∼Q −kKU by Theorem 2.2, but the
anticanonical divisor −KU is nef and big. It follows from Lemmas 2.1 and 2.3 that the set of
centers of canonical singularities CS(U, 1
k
B) contains the singular point of the variety U that is
contained in the exceptional divisor of the birational morphism α.
Let H be the proper transform of M on Y . Then H ∼Q −kKY by Theorem 2.2.
Intersecting a general surface of the linear system H with a general fiber of the fibration η,
we see that the linear system H lies in the fibers of the elliptic fibration η, which implies the
existence of the commutative diagram 34.2. 
35. Case n = 56, hypersurface of degree 24 in P(1, 2, 3, 8, 11).
We use the notations and assumptions of Section 3. Let n = 56. Then X is a general hyper-
surface in P(1, 2, 3, 8, 11) of degree 24, whose singularities consist of the points P1, P2 and P3 that
are singularities of type 12(1, 1, 1), and the point P4 that is a singularity of type
1
11(1, 3, 8).
There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 2, 3),
where ψ is a projection, α is the weighted blow up of P4 with weights (1, 3, 8), β is the weighted
blow up with weights (1, 3, 5) of the point of U that is a quotient singularity of type 18(1, 3, 5)
contained in the exceptional divisor of α, γ is the weighted blow up with weights (1, 2, 3) of the
point of W that is a quotient singularity of type 15(1, 2, 3) contained in the exceptional divisor
of the morphism β, and η is an elliptic fibration.
Proposition 35.1. The claim of Theorem 1.10 holds for n = 56.
Let us prove Proposition 35.1. It follows from Proposition 3.7 that CS(X, 1
k
M) = {P4}.
Let E be the exceptional divisor of the morphism α, D be the proper transform of the linear
system M on the variety U , and P5 and P6 be the singular point of U contained in E that are
singularities of types 13(1, 1, 2) and
1
8(1, 3, 5) respectively. Then D ∼Q −kKU by Theorem 2.2.
Lemma 35.2. The set CS(U, 1
k
D) does not contain the point P5.
Proof. Suppose that the set CS(U, 1
k
D) contains the point P5. Let π : Z → U be the weighted
blow up of P5 with weights (1, 1, 2), G be the exceptional divisor of π, and B and P be the
56
proper transforms ofM and |− 8KX | on the variety Z respectively. Then B ∼Q −kKZ , but the
base locus of the linear system P does not contain curves.
Let H be a general surface in P. Then the divisor H is nef and big. In particular, we have
H ·B1 ·B2 =
(
(α ◦ π)∗
(
− kKX
)
−
k
11
π∗(E)−
k
3
G
)2(
(α ◦ π)∗
(
− 8KX
)
−
8
11
π∗(E)−
2
3
G
)
= 0,
where B1 and B2 are general surfaces in B, which contradicts Corollary 2.7. 
Hence, the set CS(U, 1
k
D) consists of the point P6 by Lemma 2.3.
Let F be the exceptional divisor of the morphism β, H be the proper transform of the linear
systemM on the variety W , and P7 and P8 be the singular points of W that are singularities of
types 13(1, 1, 2) and
1
5 (1, 2, 3) contained in F respectively. Then H ∼Q −kKW by Theorem 2.2.
The proof of Lemma 32.3 implies the existence of the commutative diagram
X
ψ




ρ
//________ V
ν

P(1, 2, 3)
ζ
//______ P2
in the case when P8 ∈ CS(W,
1
k
H), where ζ is a birational map.
We may assume that CS(W, 1
k
H) = {P7} due to Lemmas 2.1 and 2.3.
Let π : Z → W be the weighted blow up of P7 with weights (1, 1, 2), G be the exceptional
divisor of π, and B be the proper transform of M on Z. Then B ∼Q −kKZ by Theorem 2.2.
Lemma 35.3. The singularities of the log pair (Z, 1
k
B) are terminal.
Proof. Suppose that CS(Z, 1
k
B) 6= ∅. Let P9 be the singular point of G. Then P9 is a singularity
of type 12(1, 1, 1) on Z, the set CS(Z,
1
k
B) contains P9 by Lemma 2.3, and G ∼= P(1, 1, 2).
Let π¯ : Z¯ → Z be the weighted blow up of the point P9 with weights (1, 1, 1), and G¯ be the
exceptional divisor of π¯. Take any divisor D on the variety Z¯ such that the equivalence
D ∼Q −2KZ¯ − (β ◦ π ◦ π¯)
∗
(
16KU
)
− (π ◦ π¯)∗
(
18KW
)
holds. Analyzing the base locus of the pencil | − 2KZ¯ |, we see that D is nef, but D
3 > 0.
The divisor D is nef and big, but D · H¯1 · H¯2 = 0, where H¯1 and H¯2 are the proper transforms
on Z¯ of general surfaces in M, which is impossible by Corollary 2.7. 
The hypersurface X can be given by the equation
w2y + wf13(x, y, z, t) + f24(x, y, z, t) = 0 ⊂ P(1, 2, 3, 8, 11) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 8, wt(w) = 11, and fi(x, y, z, t) is a sufficiently
general quasihomogeneous polynomial of degree i.
Let E¯ and F¯ be the proper transforms on the variety Z of the divisors E and F respectively,
and S1, S2, S3 and S8 be the proper transforms on the variety Z of the surfaces that are cut on
the hypersurface X by the equations x = 0, y = 0, z = 0 and t = 0 respectively. Then
(35.4)


F¯ ∼Q π
∗(F )−
1
3
G,
E¯ ∼Q (β ◦ π)
∗(E)−
5
8
π∗(F )−
2
3
G,
S1 ∼Q (α ◦ β ◦ π)
∗
(
−KX
)
−
1
11
(β ◦ π)∗(E) −
1
8
π∗(F )−
1
3
G,
S2 ∼Q (α ◦ β ◦ π)
∗
(
− 2KX
)
−
13
11
(β ◦ π)∗(E)−
5
8
π∗(F )−
2
3
G,
S3 ∼Q (α ◦ β ◦ π)
∗
(
− 3KX
)
−
3
11
(β ◦ π)∗(E)−
3
8
π∗(F )−
1
3
G,
S8 ∼Q (α ◦ β ◦ π)
∗
(
− 8KX
)
−
8
11
(β ◦ π)∗(E).
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The base locus of | − 2KZ | consists of the irreducible curves C, L1, L2 and L3 such that the
curve α ◦ β ◦ π(C) is cut on X by the equations x = y = 0, the curve β ◦ π(L1) is contained
in the divisor E, the curve β ◦ π(L1) is contained in |OP(1, 3, 8)(1)|, the curve π(L2) is contained
in the divisor F , the curve π(L2) is contained in |OP(1, 3, 5)(1)|, the curve L3 is contained in the
divisor G, the curve L3 is contained in |OP(1, 1, 2)(1)|. Moreover, we have
S1 ·D = C + 2L1 + 2L2 + L3, E¯ ·D = 2L1, F¯ ·D = 2L2, G ·D = 2L3,
where D is a general surface in | − 2KZ |. It follows from the equivalences 35.4 that
−KZ · C =
1
10
, −KZ · L1 = −
1
3
, −KZ · L2 = −
1
10
, −KZ · L3 =
1
2
,
which implies that the curves L1 and L2 are the only curves on the variety Z that have negative
intersection with the divisor −KZ .
The singularities of the log pair (Z, λ|−2KZ |) are log-terminal for some rational λ > 1/2, but
the divisor KZ +λ| − 2KZ | has nonnegative intersection with all curves on the variety Z except
the curves L1 and L2. It follows from [13] that there is a composition of antiflips ζ : Z 99K Z¯
such that the divisor −KZ¯ is numerically effective.
Let P be the proper transform of the linear systemM on the variety Z¯. Then the singularities
of the log pair (Z¯, 1
k
P) are terminal, because the singularities of the log pair (Z, 1
k
B) are terminal,
and the rational map ζ is a log flop with respect to the log pair (Z, 1
k
B).
It follows from the equivalences 35.4 that −KZ ∼Q S1 and
(35.5)


S1 ∼Q (α ◦ β ◦ π)
∗
(
−KX
)
−
1
11
E¯ −
2
11
F¯ −
5
11
G,
S2 ∼Q (α ◦ β ◦ π)
∗
(
− 2KX
)
−
13
11
E¯ −
15
11
F¯ −
21
11
G,
S3 ∼Q (α ◦ β ◦ π)
∗
(
− 3KX
)
−
3
11
E¯ −
6
11
F¯ −
4
11
G,
S8 ∼Q (α ◦ β ◦ π)
∗
(
− 8KX
)
−
8
11
E¯ −
5
11
F¯ −
7
11
G.
The equivalences 35.5 implies that the rational functions y/x2, zy/x5 and ty3/x14 are con-
tained in the linear systems |2S1|, |5S1| and |14S1| respectively. In particular, the complete
linear system | − 70KZ | induces the dominant rational map Z 99K P(1, 2, 5, 14), which implies
that the anticanonical divisor −KZ¯ is nef and big, which contradicts Lemma 2.1.
36. Case n = 58, hypersurface of degree 24 in P(1, 3, 4, 7, 10).
We use the notations and assumptions of Section 3. Let n = 58. Then X is a hypersurface of
degree 24 in P(1, 3, 4, 7, 10), the equality −K3X = 1/35 holds, and the singularities of X consist
of the points P1, P2 and P3 of type
1
2 (1, 1, 1),
1
7(1, 3, 4) and
1
10 (1, 3, 7) respectively.
There is a commutative diagram
Y
γ4
}}{{
{{
{{
{{ γ2
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U23
β3
}}||
||
||
|| β2
!!B
BB
BB
BB
B
U34
β4}}||
||
||
||
P(1, 3, 4),
U2
α2
!!C
CC
CC
CC
C
U3
α3
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where ψ is a projection, α2 is the weighted blow up of P2 with weights (1, 3, 4), α3 is the weighted
blow up of P3 with weights (1, 3, 7), β3 is the weighted blow up with weights (1, 3, 7) of the proper
transform of P3 on U2, β2 is the weighted blow up with weights (1, 3, 4) of the proper transform
of the point P2 on U2, β4 is the weighted blow up with weights (1, 3, 4) of the singular point of
the variety U3 that is a quotient singularity of type
1
7(1, 3, 4) contained in the exceptional divisor
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of the morphism α3, γ2 is the weighted blow up with weights (1, 3, 4) of the proper transform of
the point P2 on U34, γ4 is the weighted blow up with weights (1, 3, 4) of the singular point of the
variety U23 that is a quotient singularity of type
1
7(1, 3, 4) contained in the exceptional divisor
of the morphism β3, and η is an elliptic fibration.
In the rest of the section we prove the following result.
Proposition 36.1. The claim of Theorem 1.10 holds for n = 58.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that CS(X, 1
k
M) ⊆ {P2, P3}.
Lemma 36.2. The set CS(X, 1
k
M) contains the point P3.
Proof. Suppose that the set CS(X, 1
k
M) does not contain the point P3. Let D2 be the proper
transform of the linear system M on the variety U2, and O and Q be the singular points of
the variety U2 contained in the exceptional divisor of α2 such that the points O and Q are
singularities of types 13(1, 1, 2) and
1
4(1, 1, 3) respectively. Then D2 ∼Q −kKU2 by Theorem 2.2.
Suppose that O ∈ CS(U2,
1
k
D2). Let π : W → U2 be the weighted blow up of the singular
point O with weights (1, 1, 2), B and P be the proper transforms of M and | − 4KX | on the
variety W respectively, and S be a general surface in P. Then the base locus of P consists of
an irreducible curve C such that α2(C) is the base curve of | − 4KX |, but C
2 < 0 on the normal
surface S, which contradicts B|S ∼Q kC by Lemmas 2.8 and 2.10.
We see that Q ∈ CS(U2,
1
k
D2) by Lemma 2.3, because CS(U2,
1
k
D2) 6= ∅ by Lemma 2.1.
Let ζ : U → U2 be the weighted blow up of the point Q with weights (1, 1, 3), H be the proper
transform of M on the variety U , H be a general surface of the linear system H, and D be a
general surface in |−3KU |. Then D is normal, and the base locus of the pencil |−3KU | consists
of the irreducible curve Z such that α2(Z) is the unique base curve of the pencil | − 3KX |.
The equivalence H|D ∼Q kZ holds by Theorem 2.2, and the inequality Z
2 < 0 holds on the
surface D, which is impossible by Lemmas 2.8 and 2.10. 
Let D2 and D23 be the proper transforms of M on U2 and U23 respectively. The arguments
of the proof of Lemma 36.2 implies the following two corollaries.
Corollary 36.3. Suppose that D2 ∼Q −kKU2. Then the set CS(U2,
1
k
D2) does not contain sub-
varieties of the variety U2 that are contained in the exceptional divisor of the morphism α2.
Corollary 36.4. Suppose that D23 ∼Q −kKU23 . Then the set CS(U23,
1
k
D23) does not contain
subvarieties of the variety U23 that are contained in the exceptional divisor of the morphism β2.
Let D3 and D23 be the proper transforms of M on U3 and U34 respectively. Then we have
the equivalence D3 ∼Q −kKU3 by Theorem 2.2.
Lemma 36.5. The set CS(X, 1
k
M) contains the point P2.
Proof. Suppose that P2 6∈ CS(X,
1
k
M). Then D3 ∼Q −kKU2 by Theorem 2.2, which implies that
the set CS(U3,
1
k
D3) is not empty by Lemma 2.1.
Let P4 and P5 be the singular points of the variety U3 that are contained in the exceptional
divisor of the birational morphism α3 such that the points P4 and P5 are quotient singularities of
types 17(1, 3, 4) and
1
3(1, 1, 2) respectively. Then the set CS(U3,
1
k
D3) contains either the singular
point P4, or the singular point P5 by Lemma 2.3.
It follows from Lemma 36.2 that the set CS(U3,
1
k
D3) does not contain the point P5, which
implies that CS(U3,
1
k
D3) contains P4. Hence, the equivalence D34 ∼Q −kKU34 holds by Theo-
rem 2.2, and the set CS(U34,
1
k
D34) is not empty by Lemma 2.1.
Let P6 and P7 be the singular points of the variety U34 that are contained in the exceptional
divisor of the birational morphism β4 such that the points P6 and P7 are quotient singularities
of types 13(1, 1, 2) and
1
4(1, 1, 3) respectively. Then the set CS(U34,
1
k
D34) contains either the
singular point P6, or the singular point P7 by Lemma 2.3.
Suppose that the set CS(U34,
1
k
D34) contains the point P7. Let ζ : U → U34 be the weighted
blow up of P7 with weights (1, 1, 3), H be the proper transform of M on U , H be a general
surface of H, and D be a general surface of the pencil | − 3KU |. Then D is normal, and the
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base locus of the pencil | − 3KU | consists of the irreducible curve Z such that α3 ◦ β4(Z) is the
unique base curve of the pencil | − 3KX |. Moreover, the equivalence H|D ∼Q kZ holds, and the
inequality Z2 < 0 holds on the surface D, which is impossible by Lemmas 2.8 and 2.10.
Therefore, the set CS(U34,
1
k
D34) contains the point P6.
The hypersurface X can be given by the quasihomogeneous equation
w2z +wf14(x, y, z, t) + f24(x, y, z, t) = 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 7, wt(w) = 10, and fi(x, y, z, w) is a quasiho-
mogeneous polynomial of degree i. Let P be a pencil consisting of the surfaces that are cut on
the hypersurface X by the equations λx4 + µz = 0, where (λ, µ) ∈ P1. Then the base locus of
the pencil P consists of the irreducible curve that are cut on X by the equations x = z = 0.
Let π : W → U34 be the weighted blow up of P6 with weights (1, 1, 2), B be the proper
transform of M on W , H be the proper transform of P on W , H be a general surface of the
pencil H, and E, F and G be the exceptional divisors of α3, β4 and π respectively. Then
H ∼Q (α3 ◦ β4 ◦ π)
∗
(
− 4KX
)
−
1
5
(β4 ◦ π)
∗(E)−
4
7
(π)∗(F )−
1
3
G,
the surface H normal, and the base locus of the pencil H consists of the curves C and L such
that α3 ◦β4 ◦π(C) is the unique base curve of the pencil P, and the curve β4 ◦π(L) is the unique
curve on the surface E ∼= P(1, 3, 7) that is contained in the linear system |OP(1, 3, 7)(1)|.
Let S be the surface of the linear system | − KW |, and E¯ be the proper transform of the
surface E on the variety W . Then S ·H = C + L and E¯ ·H = 4L, but
E¯ ∼Q (β4 ◦ π)
∗(E)−
4
7
(π)∗(F )−
1
3
G,
which implies that the intersection form of the curves L and C on the surface H is negatively
defined. The equivalence B|H ∼Q kC + kL holds, which contradicts Lemmas 2.10 and 2.8. 
Hence, we have CS(X, 1
k
M) = {P2, P3}, and D23 ∼Q −kKU23 by Theorem 2.2.
It easily follows from Lemmas 2.1 and 2.3, the proof of Lemma 36.5 and Corollary 36.4 that the
set CS(U23,
1
k
D23) contains the singular point of the variety U23 that is a quotient singularity of
type 17(1, 3, 4) contained in the exceptional divisor of β3, which implies that the proper transform
of the linear system M on the variety Y lies in the fibers of the fibration η.
37. Case n = 64, hypersurface of degree 26 in P(1, 2, 5, 6, 13).
We use the notations and assumptions of Section 3. Let n = 64. Then X is a general hyper-
surface in P(1, 2, 5, 6, 13) of degree 26. The singularities of the hypersurface X consist of the
points P1, P2, P3 and P4 that are singularities of type
1
2(1, 1, 1), the point P5 that is a singularity
of type 15(1, 2, 3), and the point P6 that is a singularity of type
1
6(1, 1, 5).
There is a commutative diagram
Y
α
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 2, 5),
where ψ is a projection, α is the blow up of P6 with weights (1, 1, 5), and η is an elliptic fibration.
There is a commutative diagram
U
β
 


 ω
$$I
II
II
II
II
X
ξ
//_______ P(1, 1, 3),
where ξ is a projection, β is the blow up of P5 with weights (1, 2, 3), and ω is an elliptic fibration.
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Proposition 37.1. Either there is a commutative diagram
X
ψ




ρ
//________ V
ν

P(1, 2, 5)
φ
//______ P2,
or there is a commutative diagram
X
ξ




ρ
//________ V
ν

P(1, 1, 3)
σ
//______ P2,
where φ and σ are birational maps.
Proof. See the proof of Proposition 33.1. 
38. Case n = 65, hypersurface of degree 27 in P(1, 2, 5, 9, 11).
We use the notations and assumptions of Section 3. Let n = 65. Then X is a hypersurface of
degree 27 in P(1, 2, 5, 9, 11), the equality −K3X = 3/110 holds, and the singularities of X consist
of the point P1 that is a quotient singularity of type
1
2 (1, 1, 1), the point P2 that is a quotient
singularity of type 15(1, 1, 4), and the point P3 that is a quotient singularity of type
1
11(1, 2, 9).
There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 2, 5),
where ψ is a projection, α is the weighted blow up of P3 with weights (1, 2, 9), β is the weighted
blow up with weights (1, 2, 7) of the point of U that is a singularity of type 19 (1, 2, 7) contained
in the α-exceptional divisor, γ is the weighted blow up with weights (1, 2, 5) of the singular point
of type 17(1, 2, 5) contained in the β-exceptional divisor, and η is an elliptic fibration.
Proposition 38.1. The claim of Theorem 1.10 holds for n = 65.
Let us prove Proposition 38.1. It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7
that CS(X, 1
k
M) = {P3}. Let E be the exceptional divisor of α, D be the proper transform of
the linear system M on U , and P4 and P5 be the singular points of U that are singularities of
types 12(1, 1, 1) and
1
9 (1, 2, 7) contained in E respectively. Then D ∼Q −kKU by Theorem 2.2.
It follows from Lemmas 2.1 and 2.3 and the proof of Lemma 32.2 that CS(U, 1
k
D) = {P5}.
Let F be the exceptional divisor of the morphism β, H be the proper transform of the linear
systemM on the variety W , and P6 and P7 be the singular points of W that are singularities of
types 12(1, 1, 1) and
1
7 (1, 2, 5) contained in F respectively. Then H ∼Q −kKW by Theorem 2.2.
It follows from Lemmas 2.1 and 2.3 that CS(U, 1
k
D) ∩ {P6, P7} 6= ∅.
Remark 38.2. In the case when the set CS(W, 1
k
H) contains the point P7, it follows from Theo-
rem 2.2 that there is a commutative diagram
X
ψ




ρ
//________ V
ν

P(1, 2, 5)
ζ
//______ P2,
where ζ is a birational map.
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We may assume that P6 ∈ CS(W,
1
k
H). Note, that E ∼= P(1, 2, 9) and F ∼= P(1, 2, 7).
Let π : Z → W be the weighted blow up of P6 with weights (1, 1, 1), G be the exceptional
divisor of π, and B be the proper transform of M on the variety Z. Then G ∼= P2, and the
equivalence B ∼Q −kKZ holds by Theorem 2.2.
The hypersurface X can be given by equation
w2z + wf16(x, y, z, t) + f27(x, y, z, t) = 0 ⊂ P(1, 2, 5, 9, 11) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 2, wt(z) = 5, wt(t) = 9, wt(w) = 11, and fi(x, y, z, t) is a quasiho-
mogeneous polynomial of degree i. Let E¯ and F¯ be the proper transforms of the exceptional
divisors E and F on the variety Z respectively, and P be the proper transform on Z of the
pencil of surfaces that are cut out on the hypersurface X by λx5 + µz = 0, where (λ, µ) ∈ P1.
The base locus of P consists of the irreducible curves C, L1, L2, ∆1, ∆2 and ∆ such that
the curve α ◦ β ◦ π(C) is cut out on X by x = z = 0, the curve β ◦ π(L1) is contained in the
exceptional divisor E, the curve β ◦π(L1) is the unique curve in |OP(1, 2, 9)(1)|, the curve π(L1) is
contained in F , the curve π(L1) is contained in |OP(1, 2, 7)(1)|, the curves ∆1 and ∆2 are the
lines on G that are cut out by E¯ and F¯ respectively, and the curve ∆ is a line on G, which is
different from the lines ∆1 and ∆2.
Let D be a general surface of the pencil P, and S be the proper transform on Z of the surface
that is cut on the hypersurface X by the equation x = 0. Then
S ·D = C + L1 + L2, E¯ ·D = 5L1 +∆1, F¯ ·D = 5L2 +∆2,
the surface D is normal, and D is smooth in the neighborhood of G. In particular, it follows
from the local computations and the adjunction formula that the equalities
(38.3) ∆1 ·∆2 = ∆1 · L2 = ∆2 · L1 = 1 ∆1 · C = ∆2 · C = 0, ∆
2
1 = ∆
2
2 = −4
hold on the surface D. However, we have
(38.4)


F¯ ∼Q π
∗(F )−
1
2
G,
E¯ ∼Q (β ◦ π)
∗(E)−
7
9
π∗(F )−
1
2
G,
D ∼Q (α ◦ β ◦ π)
∗(−5KX)−
5
11
(β ◦ π)∗(E) −
5
9
π∗(F )−
3
2
G,
S ∼Q (α ◦ β ◦ π)
∗(−KX)−
1
11
(β ◦ π)∗(E)−
1
9
π∗(F )−
1
2
G.
It follows from the equalities 38.3 and equivalences 38.4 that the equalities
C · C = L1 · L1 = −
1
2
, L2 · L2 = −
3
7
, C · L1 = C · L2 = L1 · L2 = 0
hold on D. The intersection form of the curves C, L1 and L2 on the surface D is negatively
defined, but B|D ∼Q kC + kL1 + kL2, which contradicts Lemmas 2.10 and 2.8.
39. Case n = 68, hypersurface of degree 28 in P(1, 3, 4, 7, 14).
We use the notations and assumptions of Section 3. Let n = 68. Then X is a hypersurface of
degree 28 in P(1, 3, 4, 7, 14), the singularities of the X consist of the point P1 that is a singularity
of type 12(1, 1, 1), the point P2 that is a singularity of type
1
3(1, 1, 2), the points P3 and P4 that
are singularities of type 17(1, 3, 4), and −K
3
X = 1/42.
Proposition 39.1. The claim of Theorem 1.10 holds for n = 68.
Proof. It follows from Lemma 3.14 and Proposition 3.7 that CS(X, 1
k
M) ⊆ {P3, P4}, but the
proof is trivial if CS(X, 1
k
M) = {P3, P4}. Hence, we may assume that P4 6∈ CS(X,
1
k
M).
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There is a commutative diagram
Y
γ
 


 δ
  @
@@
@@
@@
@
η
,,ZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZ
U
α
?
??
??
??
? W
β~~ ~
~~
~~
~~
P(1, 2, 3),
X
ψ
22ddddddddddddddddddddddd
where ψ is a projection, α is the weighted blow up of P3 with weights (1, 3, 4), β is the weighted
blow up of the point P4 with weights (1, 3, 4), γ is the weighted blow up with weights (1, 3, 4) of
the proper transform of the singular point P4 on the variety U , δ is the weighted blow up with
weights (1, 3, 4) of the proper transform of P3 on W , and η is an elliptic fibration.
Let B be the proper transform ofM on U , and P5 and P6 be the singular points of U that are
singularities of types 13(1, 1, 2) and
1
4(1, 1, 3) contained in the exceptional divisor of the birational
morphism α respectively. Then CS(U, 1
k
B) ∩ {P5, P6} 6= ∅ by Lemma 2.3.
Suppose that P6 ∈ CS(U,
1
k
B). Let π : W → U be the weighted blow up of the point P6 with
weights (1, 1, 3), and B and P be the proper transforms of M and the pencil | − 3KX | on the
variety W respectively. Then B ∼Q −kKW by Theorem 2.2, and the base locus of P consists of
the irreducible curve Z such that α ◦ π(Z) is the base curve of the pencil | − 3KX |.
Let S be a general surface in P, and B be a general surface in B. Then the surface S is
normal, the inequality Z2 < 0 holds on the surface S, but B|S ∼Q kZ. Therefore, the support
of the cycle B · S is contained in Z by Lemma 2.10, which is impossible by Lemma 2.8.
Hence, the set CS(U, 1
k
B) contains the point P5.
Let ζ : Z → U be the weighted blow up of P5 with weights (1, 1, 2), and D and H be the
proper transforms of M and | − 4KX | on Z respectively. Then D ∼Q −kKZ by Theorem 2.2,
and the base locus of H consists of a curve C such that α ◦ ζ(C) is the base curve of | − 4KX |.
Let H be a general surface in H. Then H · C = 0 and H3 > 0. Thus, the divisor H is nef
and big. On the other hand, the equality H ·D1 ·D2 = 0 holds, where D1 and D2 are general
surfaces of the linear system D, which is impossible by Corollary 2.7. 
40. Case n = 74, hypersurface of degree 30 in P(1, 3, 4, 10, 13).
We use the notations and assumptions of Section 3. Let n = 74. Then X is a hypersurface of
degree 30 in P(1, 3, 4, 10, 13) , the equality −K3X = 1/52 holds, and the singularities of X consist
of the point P1 that is a quotient singularity of type
1
2 (1, 1, 1), the point P2 that is a quotient
singularity of type 14(1, 1, 3), and the point P3 that is a quotient singularity of type
1
13 (1, 3, 10).
There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 3, 4),
where ψ is a projection, α is the weighted blow up of P3 with weights (1, 3, 10), β is the weighted
blow up with weights (1, 3, 7) of the singular point of the variety U that is a quotient singularity
of type 110 (1, 3, 7) contained in the exceptional divisor of the morphism α, γ is the weighted blow
up with weights (1, 3, 4) of the singular point of the variety W that is a quotient singularity of
type 17 (1, 3, 4) contained in the exceptional divisor of β, and η is an elliptic fibration.
In the rest of the section we prove the following result.
Proposition 40.1. The claim of Theorem 1.10 holds for n = 74.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 CS(X, 1
k
M) = {P3}.
Let E be the exceptional divisor of the morphism α, D be the proper transform of the linear
system M on the variety U , and P4 and P5 be the singular points of U that are quotient
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singularities of types 13(1, 1, 2) and
1
10 (1, 3, 7) contained in the divisor E respectively. Then the
equivalence D ∼Q −kKU holds by Theorem 2.2.
Lemma 40.2. The set CS(U, 1
k
D) does not contain the point P4.
Proof. Suppose that the set CS(U, 1
k
D) contains the point P4. Let π : Z → U be the weighted
blow up of P4 with weights (1, 1, 2), G be the exceptional divisor of π, and B be the proper
transforms of the linear system M on the variety Z. Then B ∼Q −kKZ by Theorem 2.2.
Let D be a divisor on Z such that the equivalence
D ∼Q −4KZ − π
∗
(
36KU
)
holds. Analyzing the base locus of the pencil | − 4KZ |, we see that D is nef and big, but
D ·B1 ·B2 =
(
(α ◦ π)∗
(
− kKX
)
−
k
13
π∗(E)−
k
3
G
)2(
− 4KZ − π
∗
(
36KU
))
= 0,
where B1 and B2 are general surfaces in B. The latter is impossible by Corollary 2.7. 
Corollary 40.3. The set CS(U, 1
k
D) consists of the point P5 by Lemmas 2.1 and 2.3.
Let F be the exceptional divisor of the morphism β, H be the proper transform of the linear
system M on the variety W , and P6 and P7 be the singular points of W that are quotient
singularities of types 13(1, 1, 2) and
1
7(1, 3, 4) contained in F respectively. Then H ∼Q −kKW .
Suppose that the set CS(W, 1
k
H) contains the point P7. Then it easily follows from the proof
of Lemma 32.3 that the claim of Theorem 1.10 holds for the hypersurface X. Hence, we may
assume that the set CS(W, 1
k
H) does not contain the point P7. Thus, the set CS(W,
1
k
H) consists
of the singular point P6 by Lemmas 2.1 and 2.3
Let π : Z → W be the weighted blow up of the point P6 with weights (1, 1, 2), G be the
exceptional divisor of the birational morphism π, and B be the proper transform of the linear
system M on the variety Z. Then B ∼Q −kKZ by Theorem 2.2.
Let D be a divisor on Z such that the equivalence
D ∼Q −4KZ − (β ◦ π)
∗
(
20KU
)
− π∗
(
24KW
)
holds. The divisor D is nef and big, but D ·B1 · B2 = 0, where B1 and B2 are general surfaces
of the linear system B, which is impossible by Corollary 2.7.
41. Case n = 79, hypersurface of degree 33 in P(1, 3, 5, 11, 14).
We use the notations and assumptions of Section 3. Let n = 79. Then X is a hypersurface of
degree 33 in P(1, 3, 5, 11, 14), the equality −K3X = 1/70 holds, and the singularities of X consist
of the points P1 and P2 that are singularities of type
1
5(1, 1, 4) and
1
14 (1, 3, 11) respectively.
Proposition 41.1. The claim of Theorem 1.10 holds for n = 79.
Proof. There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 3, 5),
where ψ is a projection, α is the weighted blow up of P2 with weights (1, 3, 11), β is the weighted
blow up with weights (1, 3, 8) of the singular point of type 111(1, 3, 8) contained in the exceptional
divisor of α, γ is the weighted blow up with weights (1, 3, 5) of the singular point of type 18(1, 3, 5)
contained in the exceptional divisor of β, and η is an elliptic fibration.
It follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7 that CS(X, 1
k
M) = {P2}.
Let E be the exceptional divisor of the morphism α, D be the proper transform of the linear
system M on U , and P3 and P4 be the singular points of U that are quotient singularities of
types 13(1, 1, 2) and
1
11 (1, 3, 8) contained in E respectively. Then D ∼Q −kKU , and it follows
from Lemmas 2.1 and 2.3 and the proof of Lemma 40.2 that CS(U, 1
k
D) = {P4}.
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Let F be the exceptional divisor of the morphism β, H be the proper transform of the linear
system M on the variety W , and P5 and P6 be the singular points of W that are quotient
singularities of types 13(1, 1, 2) and
1
8(1, 3, 4) contained in F . Then H ∼Q −kKW .
In the case when the set CS(W, 1
k
H) contains the point P6, it easily follows from Theorem 2.2
that the claim of Theorem 1.10 holds for the hypersurface X. Therefore, we may assume that
the set CS(W, 1
k
H) consists of the point P5 by Lemmas 2.1 and 2.3.
Let π : Z → W be the weighted blow up of t P5 with weights (1, 1, 2), G be the exceptional
divisor of π, and B be the proper transform of M on Z. Then B ∼Q −kKZ by Theorem 2.2.
The hypersurface X can be given by the equation
w2z + wf19(x, y, z, t) + f33(x, y, z, t) = 0 ⊂ P(1, 2, 3, 8, 11) ∼= Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 3, wt(z) = 5, wt(t) = 11, wt(w) = 14, and fi(x, y, z, t) is a quasiho-
mogeneous polynomial of degree i. Let P be the linear system on the hypersurface X that is
generated by the monomials x30, y10, z6, t2x8, t2y2x2, ty6x and wtz, R be the proper transform
of P on the variety Z, and R be a general surface in R. Then R is nef and big, but
R ∼Q (α ◦ β ◦ π)
∗
(
− 30KX
)
−
30
11
(β ◦ π)∗(E)−
8
11
π∗(F )−
2
3
G,
which implies that the equality R · B1 · B2 = 0 holds, where B1 and B2 are general surfaces of
the linear system B. The latter contradicts Corollary 2.7. 
42. Case n = 80, hypersurface of degree 34 in P(1, 3, 4, 10, 17).
We use the notations and assumptions of Section 3. Let n = 80. Then X is a hypersurface
of degree 34 in P(1, 3, 4, 10, 17), whose singularities consist of the point P1 that is a singularity
of type 12(1, 1, 1), the point P2 that is a singularity of type
1
3(1, 1, 2), the point P3 that is a
singularity of type 14(1, 1, 3), and the point P4 that is a singularity of type
1
10 (1, 3, 7).
Proposition 42.1. The claim of Theorem 1.10 holds for n = 80.
Proof. It follows from Proposition 3.7 that CS(X, 1
k
M) = {P4}. There is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 3, 4),
where ψ is a projection, α is the weighted blow up of P4 with weights (1, 3, 7), β is the weighted
blow up with weights (1, 3, 4) of the singular point the variety U that is a quotient singularity
of type 17(1, 3, 4) contained in the exceptional divisor of α, and η is an elliptic fibration.
Let D be the proper transform of the linear systemM on the variety U , and P5 and P6 be the
singular points of the variety U that are quotient singularities of types 13(1, 1, 2) and
1
4(1, 1, 3)
contained in the exceptional divisor of α respectively. Then the equivalence D ∼Q −kKU .
It follows from Lemmas 2.1 and 2.3 that either the set CS(U, 1
k
D) contains the point P5, or
the set CS(U, 1
k
D) contains the point P6. In the latter case it follows from Theorem 2.2 that the
claim of Theorem 1.10 holds for X. Therefore, we may assume P5 ∈ CS(U,
1
k
D).
The hypersurface X can be given by the quasihomogeneous equation
t3z + t2f14(x, y, z, w) + tf24(x, y, z, w) + f34(x, y, z, w) = 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 10, wt(w) = 17, and fi(x, y, z, w) is a general
quasihomogeneous polynomial of degree i. Let P be a pencil consisting of the surfaces that are
cut on X by the equations λx4 + µz = 0, where (λ, µ) ∈ P1. Then the base locus of P consists
of the irreducible curve that is cut on X by the equations x = z = 0.
Let γ : W → U be the weighted blow up of P5 with weights (1, 1, 2), B be the proper transform
of the linear system M on the variety W , H be the proper transform of the pencil P on the
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variety W , D be a sufficiently general surface of the pencil H, and E and F be the exceptional
divisors of the morphisms α and γ respectively. Then the surface D is normal, the equivalences
D ∼Q −4KW ∼Q (α ◦ γ)
∗
(
− 4KX
)
−
2
5
γ∗(E)−
4
3
F
hold, and the base locus of the pencil H consists of the curves C and L such that α ◦γ(C) is the
base curve of the pencil P, and γ(L) is the curve on the surface E ∼= P(1, 3, 7) that is contained
in the linear system |OP(1, 3, 7)(1)|.
Let S be the surface of the linear system | − KW |, and E¯ be the proper transform of the
surface E on the variety W . Then S ·D = C + L and E¯ ·D = 4L, which implies that
C · C = −
1
3
, C · L = 0, L · L = −
2
7
on the surface D. Hence, the intersection form of the curves C and L on the surface D is nega-
tively defined, but B|D ∼Q kC + kL, which contradicts Lemmas 2.10 and 2.8. 
43. Case n = 82, hypersurface of degree 36 in P(1, 1, 5, 12, 18).
We use the notations and assumptions of Section 3. Let n = 82. Then X is a hypersurface of
degree 36 in P(1, 1, 5, 12, 18), the equality −K3X = 1/30 holds, and the singularities of X consist
of the point P1 that is a quotient singularity of type
1
5(1, 2, 3), and the point P2 that is a quotient
singularity of type 16(1, 1, 5). There is a commutative diagram
U
α
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 1, 5),
where ψ is a projection, α is the weighted blow up of P2 with weights (1, 1, 6), and η is an elliptic
fibration. The hypersurface X is birationally superrigid.
Proposition 43.1. The claim of Theorem 1.10 holds for n = 82.
Proof. Suppose that P2 ∈ CS(X,
1
k
M). Then Theorem 2.2 implies the existence of the commu-
tative diagram
X
ψ




ρ
//________ V
ν

P(1, 1, 5)
σ
//______ P2,
where σ is a birational map. Thus, it follows from Theorem 3.5, Lemma 3.14 and Proposition 3.7
that we may assume that the set CS(X, 1
k
M) consists of the point P1.
Let π : W → X be the weighted blow up of P1 with weights (1, 2, 3), and B be the proper
transform of M on W . Then B ∼Q −kKW by Theorem 2.2, and the singularities of the
exceptional divisor of the morphism π consist of the pointsQ andO that are quotient singularities
of types 12(1, 1, 1) and
1
3(1, 1, 2) on the variety W respectively.
Suppose that the set CS(W, 1
k
B) is not empty. Then the set CS(W, 1
k
B) contains either the
point O, or the point Q. On the other hand, it easily follows from the proof of Proposition 22.1
that the set CS(W, 1
k
B) does not contain neither the point O, nor the point Q, which implies
that the singularities of the log pair (W, 1
k
B) are terminal.
It follows from the proof of Proposition 29.1 that there is a birational map γ : W 99K Y such
that γ is an antiflip, the divisor −KY is nef and big, and the linear system | − rKY | induced
a birational map Y 99K X ′ such that X ′ is a hypersurface in P(1, 1, 6, 14, 21) of degree 42 with
canonical singularities (see the proof of Theorem 5.5.1 in [6]), where r ≫ 0.
Let H be the proper transform of M on the variety Y . Then H ∼Q −kKY , because γ is
an isomorphism in codimension one. The map γ is a log flip with respect to (W,λB) for some
rational number λ > 1/k. Thus, the singularities of the mobile log pair (Y, 1
k
H) are terminal,
which contradicts Lemma 2.1. 
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44. Case n ∈ {21, 24, 33, 35, 41, 42, 46, 50, 54, 55, 61, 62, 63, 67, 69, 71, 76, 77, 83, 85, 91}.
We use the notations and assumptions of Section 3.
Proposition 44.1. Suppose that n ∈ {21, 24, 33, 35, 41, 42, 46, 50, 54, 55, 61, 62, 63, 67, 69, 71, 76,
77, 83, 85, 91}. Then there is a commutative diagram
(44.2) X
ψ




ρ
//________ V
ν

P(1, a1, a2) σ
//______ P2,
where ψ is the natural projection, and σ is a birational map.
Proof. It follows from Theorem 3.5 and Lemma 3.14 that the set CS(X, 1
k
M) consists of singular
points of the hypersurface X. We prove the existence of the diagram 44.2 case by case.
Case n = 21.
The variety X is a hypersurface in P(1, 1, 2, 4, 7) of degree 14, the equality −K3X = 1/4 holds,
and the singularities of the hypersurface X consist of the points O1 and O2 that are quotient
singularities of type 12(1, 1, 1), and the point P that is a quotient singularity of type
1
4(1, 1, 3).
There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 1, 2),
where ψ is a projection, α is the weighted blow up of P with weights (1, 1, 3), β is the weighted
blow up with weights (1, 1, 2) of the singular point of U that is a singularity of type 13(1, 1, 2),
and η is an elliptic fibration. It follows from Proposition 3.7 that CS(X, 1
k
M) = {P}.
Let D be the proper transform of M on U . Then D ∼Q −kKU by Theorem 2.2, and it
follows from Lemmas 2.1 and 2.3 that the set CS(U, 1
k
D) contains the singular point of U that
is contained in the exceptional divisor of the morphism α.
Let B be the proper transform ofM on Y . Then B ∼Q −kKY by Theorem 2.2, which implies
the existence of the the commutative diagram 44.2.
Case n = 24.
The variety X is a hypersurface in P(1, 1, 2, 5, 7) of degree 15, the equality −K3X = 3/14 holds,
and the singularities of the hypersurface X consist of the point P1 that is a quotient singularity
of type 12(1, 1, 1), and the point P2 that is a quotient singularity of type
1
7 (1, 2, 5).
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P2}. There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 1, 2),
where α is the weighted blow up of the point P with weights (1, 2, 5), β is the weighted blow up
with weights (1, 2, 3) of the singular point of U that is a singularity of type 15 (1, 2, 3), γ is the
weighted blow up with weights (1, 1, 2) of the singular point of the variety W that is a quotient
singularity of type 13(1, 1, 2), and η is an elliptic fibration.
The proof of Proposition 22.1 implies that D ∼Q −kKW , where D is the proper transform of
the linear system M on the variety W , and the set CS(W, 1
k
D) does not contain subvarieties of
the variety W that are not contained in the exceptional divisor of the morphism β.
We can apply arguments of the proof of Proposition 22.1 to the log pair (W, 1
k
D) to prove
that the set CS(W, 1
k
D) contains the singular point of W that is a singularity of type 13(1, 1, 2),
which implies the existence of the commutative diagram 44.2 by Theorem 2.2.
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Case n = 33.
The variety X is a hypersurface in P(1, 2, 3, 5, 7) of degree 17, the singularities of X consist
of the point P1 that is a quotient singularity of type
1
2 (1, 1, 1), the point P2 that is a quotient
singularity of type 13 (1, 1, 2), the point P3 that is a quotient singularity of type
1
5(1, 2, 3), and
the point P4 that is a singularity of type
1
7(1, 2, 5). There is a commutative diagram
Y
γ5
}}{{
{{
{{
{{ γ3
!!C
CC
CC
CC
C
η
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
U34
β4
}}||
||
||
|| β3
!!B
BB
BB
BB
B
U45
β5}}||
||
||
||
P(1, 2, 3),
U3
α3
!!C
CC
CC
CC
C
U2
α4
}}{{
{{
{{
{{
X
ψ
44hhhhhhhhhhhhhhhhhhhhhhhhh
where α3 is the weighted blow up of the point P3 with weights (1, 2, 3), α4 is the weighted blow
up of the point P4 with weights (1, 2, 5), β4 is the weighted blow up with weights (1, 2, 5) of the
proper transform of P4 on U3, β3 is the weighted blow up with weights (1, 2, 3) of the proper
transform of P3 on U4, β5 is the weighted blow up with weights (1, 2, 3) of the singular point of
the variety U4 that is a quotient singularity of type
1
5(1, 2, 3) contained in the exceptional divisor
of the morphism α4, γ3 is the weighted blow up with weights (1, 2, 3) of the proper transform of
the point P3 on the variety U45, γ5 is the weighted blow up with weights (1, 2, 3) of the singular
point of U34 that is a quotient singularity of type
1
5 (1, 2, 3) contained in the exceptional divisor
of the morphism β4, and η is an elliptic fibration.
It follows from Proposition 3.7 and the proof of Proposition 18.1 that CS(X, 1
k
M) = {P3, P4}.
Let D34 be the proper transform of M on U34, and P¯5 and P¯6 be the singular points of
the variety U34 that are quotient singularities of types
1
5(1, 2, 3) and
1
2 (1, 1, 1) contained in the
exceptional divisor of the morphism β4 respectively. Then D34 ∼Q −kKU34 by Theorem 2.2.
It follows from Lemma 2.3 and the proof of Proposition 18.1 that P¯5 ∈ CS(U34,
1
k
D34), and
the existence of the commutative diagram 44.2 follows from Theorem 2.2.
Case n = 35.
The variety X is a hypersurface in P(1, 1, 3, 5, 9) of degree 18, whose singularities consist of the
points P1 and P2 that are singularities of type
1
3(1, 1, 2), and the point P3 that is a singularity
of type 15(1, 1, 4). There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 1, 3),
where α is the blow up of P3 with weights (1, 1, 4), β is the blow up with weights (1, 1, 3) of the
point of U that is singularity of type 14(1, 1, 3), and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P3}.
Let D is the proper transform M on U . Then D ∼Q −kKU by Theorem 2.2, and it follows
from Lemma 2.3 that CS(U, 1
k
D) contains the singular point of U that is contained in the
exceptional divisor of α. The existence of the diagram 44.2 follows from Theorem 2.2.
Case n = 41.
The variety X is a hypersurface in P(1, 1, 4, 5, 10) of degree 20, whose singularitiesconsist of
the point O that is a singularity of type 12(1, 1, 1), the points P1 and P2 of type
1
5(1, 1, 4).
The indeterminacies of ψ are resolved by blowing up P1 and P2 with weights (1, 1, 4), it follows
from Proposition 3.7 that CS(X, 1
k
M) ⊆ {P1, P2}, and the existence of the diagram 44.2 follows
from the proof of Proposition 13.1.
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Case n = 42.
The variety X is a hypersurface in P(1, 2, 3, 5, 10) of degree 20, the singularities of X consist
of the points P1, P2 and P3 that are quotient singularities of type
1
2(1, 1, 1), the point P4 that is
a singularity of type 13(1, 1, 2), the points P5 and P6, that are singularities of types
1
5 (1, 2, 3).
The indeterminacies of ψ are resolved by blowing up P5 and P6 with weights (1, 2, 3),
It follows from Proposition 3.7 that CS(X, 1
k
M) ⊆ {P5, P6}, but the existence of the dia-
gram 44.2 is obvious if CS(X, 1
k
M) = {P5, P6}. We may assume that CS(X,
1
k
M) = {P5}.
Let α : U → X be the weighted blow up of the point P5 with weights (1, 2, 3), B be the proper
transform of the linear system M on U , and O and Q be the singular points of U that are
quotient singularities of types 13(1, 1, 2) and
1
2(1, 1, 1) contained in the exceptional divisor of the
morphism α respectively. Then it follows from the proof of Lemma 21.3 that CS(U, 1
k
B) = {Q}.
Let ζ : Z → U be the weighted blow up of the point Q with weights (1, 1, 1), D be the proper
transform of the linear systemM on the variety Z, and H be the proper transform of the linear
system | − 3KX | on the variety Z. Then D ∼Q −kKZ by Theorem 2.2, and the base locus of
the linear system H consists of a curve C such that α ◦ ζ(C) is the base curve of | − 3KX |.
Let S be a general surface in H. Then S is normal, and the inequality C2 < 0 holds on the
surface S, but the equivalence D|S ∼Q kC holds, which contradicts Lemmas 2.8 and 2.10.
Case n = 45.
The variety X is a hypersurface in P(1, 3, 4, 5, 8) of degree 20, whose singularities consist of the
point P1 of type
1
3(1, 1, 2), the points P2 and P3 of type
1
4(1, 1, 3), the point P4 of type
1
8(1, 3, 5).
There is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 3, 4),
where α is the weighted blow up of the point P4 with weights (1, 3, 5), β is the weighted blow up
with weights (1, 2, 3) of the singular point of U that is a quotient singularity of type 15(1, 2, 3)
contained in the exceptional divisor of the morphism α, and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P4}.
Let B be the proper transform of the linear system M on the variety U , P¯5 be the singular
point of the variety U that is a quotient singularity of type 15(1, 2, 3) contained in the exceptional
divisor of the morphism α, and P¯6 be the singular point of the the variety U that is a quotient
singularity of type 12(1, 1, 1) contained in the exceptional divisor of the morphism α.
It follows from Lemma 2.3 that CS(U, 1
k
B) ∩ {P¯5, P¯6} 6= ∅, but the proof of Proposition 30.1
easily implies that P¯5 ∈ CS(U,
1
k
B), which implies the existence of the commutative diagram 44.2.
Case n = 46.
The variety X is a hypersurface in P(1, 1, 3, 7, 10) of degree 21, the singularities of X consist
of the point P that is a singularity of type 110 (1, 3, 7). There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 1, 3),
where α is the blow up of P with weights (1, 3, 7), β is the blow up with weights (1, 3, 4) of the
singular point of U that is a singularity of type 17(1, 3, 4), γ is the blow up with weights (1, 1, 3)
of the singular point of W that is a singularity of type 14(1, 1, 3), and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P}.
Let D be the proper transform of the linear system M on the variety W . Then it follows
from the proof of Proposition 22.1 that D ∼Q −kKW , and the set CS(W,
1
k
D) does not contain
subvarieties of the variety W that are not contained in the exceptional divisor of β.
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The set CS(W, 1
k
D) is not empty, because the divisor −KW is nef and big. Therefore, we can
apply the arguments of the proof of Proposition 22.1 the the log pair (W, 1
k
D), which implies
that the set CS(W, 1
k
D) contains the singular point of W that is a singularity of type 14(1, 1, 3).
The existence of the commutative diagram 44.2 is implied by Theorem 2.2.
Case n = 50.
The variety X is a hypersurface in P(1, 1, 3, 7, 11) of degree 22, the singularities of X consist
of the point P1 that is a quotient singularity of type
1
3(1, 1, 2), and the point P2 that is a quotient
singularity of type 17(1, 3, 4). The equality −K
3
X = 2/21 holds. There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 1, 3),
where α is the blow up of P2 with weights (1, 3, 7), β is the blow up with weights (1, 1, 3) of the
singular point of U that is a singularity of type 14(1, 1, 3), and η is an elliptic fibration.
The proof of Proposition 22.1 implies the existence of the diagram 44.2.
Case n = 54.
The variety X is a hypersurface in P(1, 1, 6, 8, 9) of degree 24, whose singularities consist of
the point P1 type
1
2(1, 1, 1), the point P2 of type
1
3(1, 1, 2), the point P3 of type
1
9(1, 1, 8).
There is a commutative diagram
U
α

W
β
oo Y
γ
oo
η

X
ψ
//_____________ P(1, 1, 6),
where α is the blow up of P3 with weights (1, 1, 8), β is the blow up with weights (1, 1, 7) of the
singular point of U that is a singularity of type 18(1, 1, 7), γ is the blow up with weights (1, 1, 3)
of the singular point of W that is a singularity of type 17(1, 1, 6), and η is an elliptic fibration.
The existence of the diagram 44.2 follows from the proof of Proposition 14.1.
Case n = 55.
The variety X is a hypersurface in P(1, 2, 3, 7, 12) of degree 24, whose singularities consist of
the points P1 and P2 of type
1
2(1, 1, 1), the points P3 and P4 of type
1
3 (1, 1, 2), and the singular
point P5 of type
1
7(1, 2, 5). There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 2, 3),
where α is the blow up of P5 with weights (1, 2, 5), β is the blow up with weights (1, 2, 3) of the
singular point of U that is a singularity of type 15(1, 2, 3), and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P5}.
Let B be the proper transform of the linear system M on the variety U , and P6 and P7 be
the singular points of U that are singularities of types 12(1, 1, 1) and
1
5(1, 2, 3) contained in the
exceptional divisor of α respectively. Then CS(U, 1
k
B) ⊆ {P6, P7} by Lemmas 2.1, 2.3 and 2.4.
The existence of the diagram 44.2 follows from Theorem 2.2 in the case when P7 ∈ CS(U,
1
k
B),
which implies that we may assume that the set CS(U, 1
k
B) consists of the point P6.
The hypersurface X can be given by the equation
t3z + t2f10(x, y, z, w) + tf17(x, y, z, w) + f24(x, y, z, w) = 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
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where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 7, wt(w) = 12, and fi(x, y, z, w) is a sufficiently
general quasihomogeneous polynomial of degree i. Let γ : W → U be the weighted blow up of
the point P6 with weights (1, 1, 1), H be the proper transform of the linear system M on the
variety W , P be the proper transform on the variety W of the pencil of surfaces that are cut on
the hypersurface X by the equations λx3 + µz = 0, where (λ, µ) ∈ P1, and D be a sufficiently
general surface of the pencil P. Then the base locus of the pencil P consists of the irreducible
curves C, L and ∆ such that α ◦ γ(C) is the base curve of | − 3KX |, the curve γ(L) is contained
in the exceptional divisor of α, and the curve ∆ is contained in the exceptional divisor of γ.
The surface D is normal, the intersection form of the curves L and C on the surface D is
negatively defined, but H|D ∼Q kC + kL, which is impossible by Lemmas 2.10 and 2.8.
Case n = 61.
The variety X is a hypersurface in P(1, 4, 5, 7, 9) of degree 25, the singularities of X consist
of the point P1 that is a quotient singularity of type
1
4 (1, 1, 3), the point P2 that is a quotient
singularity of type 17(1, 2, 5), and the point P3 that is a quotient singularity of type
1
9(1, 4, 5).
The indeterminacies the map rational ψ is resolved by the weighted blow ups of the singular
points P2 and P3 with weights (1, 2, 5), and (1, 4, 5) respectively.
It follows from Proposition 3.7 that CS(X, 1
k
M) ⊆ {P2, P3}, the proof of Lemma 36.2 implies
that CS(X, 1
k
M) = {P2, P3}, and the existence of the diagram 44.2 follows from Theorem 2.2.
Case n = 62.
The variety X is a hypersurface in P(1, 1, 5, 7, 13) of degree 26, the singularities of X consist of
the point P1 that is a quotient singularity of type
1
5(1, 2, 3), and the point P2 that is a singularity
of type 17(1, 1, 6). The equality −K
3
X = 2/35 holds. There is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 1, 5),
where α is the weighted blow up of the point P2 with weights (1, 1, 6), β is the weighted blow
up with weights (1, 1, 5) of the singular point of the variety U that is a quotient singularity of
type 16 (1, 1, 5), and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) ⊆ {P1, P2}. Therefore, the existence of the
commutative diagram 44.2 follows from the proof of Proposition 31.1.
Case n = 63.
The variety X is a hypersurface in P(1, 2, 3, 8, 13) of degree 26, the singularities of the hyper-
surface X consist of the points P1, P2 and P3 that are quotient singularities of type
1
2(1, 1, 1),
the point P4 that is a quotient singularity of type
1
3(1, 1, 2), and the point P5 that is a singularity
of type 18(1, 3, 5). The equality −K
3
X = 1/24 holds.
There is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 2, 3),
where α is the weighted blow up of the point P5 with weights (1, 3, 5), and β is the weighted
blow up with weights (1, 2, 3) of the singular point of the variety U that is a quotient singularity
of type 15(1, 2, 3) contained in the exceptional divisor of α, and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P5}.
Let B be the proper transform of M on U , and P6 and P7 be the singular points of U that
are quotient singularities of types 15 (1, 2, 3) and
1
2(1, 1, 1) contained in the exceptional divisor of
the morphism α respectively. Then it follows from Lemma 2.3 that the set CS(U, 1
k
B) contains
either the point P6, or the point P7.
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Suppose that the set CS(U, 1
k
B) contains the point P7. Let γ : W → U be the weighted blow
up of the point P7 with weights (1, 1, 1), and H and P be the proper transforms of the linear
system M and the pencil | − 2KX | on the variety W respectively. Then the base locus of the
pencil P consists of the irreducible curves C and L such that the curve α ◦ γ(C) is the unique
curve in the base locus of the pencil |−2KX |, and the curve γ(L) is contained in the exceptional
divisor of the birational morphism α. Moreover, the surface D is normal, and the equalities
C · C = −
5
12
, L · L = −
7
20
, C · L =
1
4
hold on D. Hence, the intersection form of the curves L and C on the surface D is negatively
defined. On the other hand, the equivalence H|D ∼Q kC + kL holds on the surface D, which
contradicts Lemmas 2.10 and 2.8.
Therefore, the set CS(U, 1
k
B) contains the point P6. Now the claim of Theorem 2.2 easily
implies the existence of the commutative diagram 44.2.
Case n = 67.
The variety X is a hypersurface in P(1, 1, 4, 9, 14) of degree 28, and the singularities of the
hypersurface X consist of the point P1 that is a quotient singularity of type
1
2(1, 1, 1), and the
point P2 that is a quotient singularity of type
1
9(1, 4, 5). The equality −K
3
X = 1/18 holds.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P2}.
There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 1, 4),
where α is the weighted blow up of the point P2 with weights (1, 4, 5), β is the weighted blow
up with weights (1, 1, 4) of the singular point of U that is quotient singularity of type 15(1, 1, 4),
and η is an elliptic fibration.
The existence of the commutative diagram 44.2 follows from the proof of Proposition 22.1.
Case n = 69.
The variety X is a hypersurface in P(1, 4, 6, 7, 11) of degree 28, and the singularities of the
hypersurface X consist of the points P1 and P2 that are quotient singularities of type
1
2(1, 1, 1),
and the points P3 and P4 that are quotient singularities of types
1
6 (1, 1, 5)
1
11(1, 4, 7) respectively.
The equality −K3X = 1/66 holds, and there is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 3, 4),
where α is the weighted blow up of the point P4 with weights (1, 4, 7), β is the weighted blow
up with weights (1, 3, 4) of the singular point of type 17(1, 3, 4), and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P4}.
Let B be the proper transform of M on U , and P5 and P6 be the singular points of U that
are quotient singularities of types 17 (1, 3, 4) and
1
4(1, 1, 3) contained in the exceptional divisor of
the morphism α respectively. Then it follows from Lemmas 2.1 and 2.3 that CS(U, 1
k
B) contains
either the point P5, or the point P6.
It follows from the proof of Lemma 28.6 that the set CS(U, 1
k
B) does not contain the singular
point P6. Thus, the set CS(U,
1
k
B) contains the point P5.
The existence of the commutative diagram 44.2 follows from Theorem 2.2.
Case n = 71.
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The variety X is a hypersurface in P(1, 1, 6, 8, 15) of degree 30, whose singularities consist of
the point P1, P2 and P3 that are singularities of type
1
2(1, 1, 1),
1
3 (1, 1, 2) and
1
8 (1, 1, 7) respec-
tively. The equality −K3X = 1/24 holds. There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 1, 6),
where α is the weighted blow up of the point P3 with weights (1, 1, 7), β is the weighted blow
up with weights (1, 1, 6) of the singular point of U that is contained in the exceptional divisor
of α, and η is an elliptic fibration. It follows from Proposition 3.7 that CS(X, 1
k
M) = {P3}.
Let D be the proper transform of M on U . Then D ∼Q −kKU by Theorem 2.2, and it
follows from Lemmas 2.1 and 2.3 that the set CS(U, 1
k
D) contains the singular point of U that
is contained in the exceptional divisor of the morphism α.
The existence of the commutative diagram 44.2 is implied by Theorem 2.2.
Case n = 76.
The variety X is a hypersurface in P(1, 5, 6, 8, 11) of degree 30, whose singularities consist of
the point P1, P2 and P3 that are singularities of type
1
2(1, 1, 1),
1
8(1, 3, 5) and
1
11 (1, 5, 6) respec-
tively. The indeterminacies of the projection ψ are resolved by the weighted blow up of the
singular points P2 and P3 with weights (1, 3, 5) and (1, 5, 6) respectively.
The proofs of Lemmas 29.3 and 36.2 implies that CS(X, 1
k
M) = {P2, P3}, which implies the
existence of the commutative diagram 44.2 due to Theorem 2.2.
Case n = 77.
The variety X is a hypersurface in P(1, 2, 5, 9, 16) of degree 32, the singularities of X consist
of the points P1 and P2 that are quotient singularities of type
1
2(1, 1, 1), the point P3 that is a
quotient singularity of type 15(1, 1, 4), the point P4 that is a quotient singularity of type
1
9(1, 2, 7).
The equality −K3X = 1/45 holds, and there is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 2, 5),
where α is the blow up of P4 with weights (1, 2, 7), β is the blow up with weights (1, 2, 5) of the
singular point of U that is a singularity of type 17(1, 2, 5), and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P4}.
Let B be the proper transform the linear system M on the variety U , and P5 and P6 be
the singular points of U that are singularities of types 17(1, 2, 5) and
1
2 (1, 1, 1) contained in the
exceptional divisor of α respectively. Then CS(U, 1
k
B) ∩ {P5, P6} 6= ∅ by Lemmas 2.1 and 2.3.
Suppose that the set CS(U, 1
k
B) contains the point P6. Let γ : W → U be the weighted blow
up of the singular point P5 with weights (1, 1, 1), H and D be the proper transforms of the linear
systems M and | − 16KX | on the variety W respectively, D be a general surface of the linear
system D, and H1 and H2 be general surfaces of the linear system H. Then the base locus of the
linear system D does not contain curves. In particular, the divisor D is nef, but D ·H1 ·H1 < 0.
Therefore, the set CS(U, 1
k
B) contains the point P5. Now the claim of Theorem 2.2 implies
the existence of the commutative diagram 44.2.
Case n = 83.
The variety X is a general hypersurface in P(1, 3, 4, 11, 18) of degree 36, and the singularities
of the hypersurface X consist of the point P1 that is a quotient singularity of type
1
2(1, 1, 1), the
points P2 and P3 that are quotient singularities of type
1
3(1, 1, 2), the point P4 that is a quotient
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singularity of type 111 (1, 4, 7). There is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 3, 4),
where α is the weighted blow up of the point P4 with weights (1, 4, 7), β is the weighted blow up
with weights (1, 3, 4) of the singular point of U that is a quotient singularity of type 17(1, 3, 4),
and η is an elliptic fibration. It follows from Proposition 3.7 that CS(X, 1
k
M) = {P4}.
Let B be the proper transform ofM on U , and P5 and P6 be the singular points of U that are
singularities of types 17(1, 3, 4) and
1
4(1, 1, 3) contained in the exceptional divisor of the morphism
α respectively. Then the proof of Proposition 25.1 implies that CS(U, 1
k
B) does not contain the
singular point P6. Thus, the set CS(U,
1
k
B) contains the point P5 by Lemmas 2.1 and 2.3, and
the existence of the diagram 44.2 follows from Theorem 2.2.
Case n = 85.
The variety X is a hypersurface in P(1, 3, 5, 11, 19) of degree 38, the singularities of X consist
of the point P1 that is a quotient singularity of type
1
3 (1, 1, 2), the point P2 that is a quotient
singularity of type 15(1, 1, 4), and the point P3 that is a quotient singularity of type
1
11 (1, 3, 8).
The equality −K3X = 2/165 holds, and there is a commutative diagram
U
α

Y
β
oo
η

X
ψ
//______ P(1, 3, 5),
where α is the weighted blow up of the point P3 with weights (1, 3, 8), β is the weighted blow
up with weights (1, 3, 5) of the singular point of U that is a singularity of type 18(1, 3, 5), and η
is an elliptic fibration. It follows from Proposition 3.7 that CS(X, 1
k
M) = {P3}.
Let B be the proper transform of M on U , and P4 and P5 be the singular points of U that
are quotient singularities of types 18 (1, 3, 5) and
1
3(1, 1, 2) contained in the exceptional divisor of
the morphism α respectively. Then CS(U, 1
k
B) ∩ {P4, P5} 6= ∅ by Lemmas 2.1 and 2.3.
Suppose that the set CS(U, 1
k
B) contains the point P5. Let γ : W → U be the weighted blow
up of the singular point P5 with weights (1, 1, 2), H and D be the proper transforms of the linear
systems M and | − 19KX | on the variety W respectively, D be a general surface of the linear
system D, and H1 and H2 be general surfaces of the linear system H. Then the base locus of
the linear system D does not contain curves.
The divisor D is nef. In particular, the inequality D ·H1 ·H1 > 0 holds, but it follows from
the simple explicit computations that D ·H1 ·H1 = −2k
2/15, which is a contradiction.
Hence, the set CS(U, 1
k
B) contains the singular point P4. Thus, the existence of the commu-
tative diagram 44.2 follows from Theorem 2.2.
Case n = 91.
The variety X is a hypersurface in P(1, 4, 5, 13, 22) of degree 44, the singularities of X consist
of the point P1 that is a quotient singularity of type
1
2 (1, 1, 1), the point P2 that is a quotient
singularity of type 15(1, 2, 3), the point P3 that is a quotient singularity of type
1
13(1, 4, 9).
The equality −K3X = 1/130 holds, and there is a commutative diagram
U
α

W
β
oo
η

X
ψ
//______ P(1, 4, 5),
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where α is the weighted blow up of the point P3 with weights (1, 4, 9), β is the weighted blow
up with weights (1, 4, 5) of the singular point of the variety U that is a quotient singularity of
type 19 (1, 4, 5), and η is an elliptic fibration.
It follows from Proposition 3.7 that CS(X, 1
k
M) = {P3}.
Let B be the proper transform of M on U , and P4 and P5 be the singular points of U that
are quotient singularities of types 19 (1, 4, 5) and
1
4(1, 1, 3) contained in the exceptional divisor of
the morphism α respectively. Then it follows from Lemmas 2.1 and 2.3 that CS(U, 1
k
B) contains
either the point P4, or the point P5.
It follows from the proof of Proposition 25.1 that the set CS(U, 1
k
B) does not contain the
singular point P5. Thus, the set CS(U,
1
k
B) contains the singular point P4, and the existence of
the commutative diagram 44.2 follows from Theorem 2.2. 
The claim of Theorem 1.10 is proved.
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